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ABSTRACT. In this paper, by introducing a new general framework, the enhanced
(%)—expansion method and its algorithm are proposed by studying Wang’s (%)—
expansion method and constructing a first order nonlinear ordinary differential
equation with a third-degree nonlinear term to the nonlinear (2 + 1)-dimensional
typical breaking soliton and Burgers equations. As results, some new exact trav-
eling wave solutions are obtained which include solitary wave solutions.

1. INTRODUCTION

In recent years, nonlinear wave equations have been played essential roles in
many scientific and engineering areas such as fluid mechanics, plasma and elastic me-
dia and optical fibers, etc. Thus, it has had a considerable attention to find explicit
traveling wave solutions of those problems. Several methods have been presented to
obtain new exact solutions for many nonlinear evolution equations such that the ho-
mogeneous balance method [15], the tanh-function method [3], the algebraic method
[4], the Hirota bilinear method [8], [9], the F-function expansion method [16], [17],
the inverse scattering transform [1], the exp-function expansion method [7], the Ja-
cobi elliptic function expansion [12], [19], the Bécklund transform [13], [14], the
sub-ODE method [11], the original (%)—expansiom method [18], the improved (%)—

expansion method [5], the generalized (%)—expansion method [10], the extended
(%)—expansion method [6], the modified (%)—expansion method [2] and so on. The
objective of this article is to use the improved (%)—expansion method which pro-
posed by Guo et al [5] together with the generalized (%)—expansion method which
proposed by Lii et al [10], to find the exact solutions of nonlinear evolution equations
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via the (2+1)-dimensional typical breaking soliton and Burgers equations which play
an important role in mathematical physics. The main idea of this method is that
the traveling wave solutions of the nonlinear evolution equations can be expressed
by polynomials in G where G = G (5) is based on a first order nonlinear ordinary
3
differential equation G’ = Z h;G* with a third-degree nonlinear term, and ' = dig
i=
The degree of these polynomioals can be determined by considering the homogeneous
balance between the highest order derivatives and the nonlinear terms appearing
in the given nonlinear equations. The coefficients of these polynomials can be ob-
tained by solving a set of algebraic equations resulted from the process of using
the proposed method. This method will play an important role in expressing the
traveling wave solutions in terms of hyperbolic, trigonometric and rational functions
for the nonlinear evolution equations in mathematical physics. The enhanced (%)—
expansion method used in this article can be applied to further nonlinear equations
as the difference-differential equations which can be done in forthcoming articles.

2. DESCRIPTION OF THE ENHANCED (%)-EXPANSION METHOD

Suppose that a nonlinear equation is given by
F(“v Uty Uy Uity Ugty gy Uy, Uyt Uyyyy Uy, ) =0, (2‘1)
where v = u(x,y,t) is an unknown function, F' is a polynomial in u = u(z,y,t) and
its various partial derivatives, in which the highest order derivatives and nonlinear

terms are involved. The main steps of the enhanced (%)—expansion method are the
following:
Step 1. The traveling wave variable

u(z,y,t) =u(f), &€=z+y-Vt, (2.2)

where V' is a constant, permits us reducing Equation (2.1) into an ODE in the form

P(u,u,u",...) =0, (2.3)
where P is a polynomial in v and its total derivatives.

Step 2. Suppose that the solution of Equation (2.3) can be expressed by a
polynomial in G as follows:

(6) ig%[bhﬂ%”w (2.4)

where G = G(§) is the solution of the first order nonlinear ODE in the form
G = ho + G + haG? + h3G?, (2.5)

where o, A; (—m,—m+1,...,m —1,m), ho, h1, ho and h3 are constants to be deter-
mined and A, # 0, while m is called the balance number.
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Step 3. The positive integer m can be determined by considering the homo-
geneous balance between the highest order derivatives and the nonlinear terms ap-
pearing in Equation (2.3) as follows: If we define the degree of u(&) as D[u(§)] = m,
then the degree of other expressions is defined by

D[M<%%>T:nw+5@+nq (2.6)

Therefore, with (2.6), we can get the value of m in (2.4).

Step 4. Substituting (2.4) into (2.3) and using the ODE (2.5), collecting all
terms with the same order of G together, we get a polynomial in G. Equating each
coefficients of this polynomial to zero, yields a set of algebraic equations, which can
be solved to get A; and V. Since the general solution of Equation (2.5) is well known
to us, then substituting A;, V' and the general solutions of (2.5) into (2.4), we have
traveling wave solutions of Equation (2.1).

Remark 2.1. It is well known [10] that Equation (2.5) admits the following special
solutions.

Theorem 2.1. Suppose that hg = 0, ho = 0 and hg # 0.
(i) If hqy # 0, then Equation (2.5) has the solutions

\/(—hg + Cihy eXp(—thf)hl
—hz + C1hy exp(—2hi§)
(ii) If hy = 0, then Equation (2.5) has the solutions

G==+

1
+t—
v —2h3& + Cy

Theorem 2.2. Suppose hy = 0.
(i) If ho # 0, hqy # 0 and ho # 0, then Eq. (2.5) has the solutions

h1 \/ 4h0h2 - h2 5 + CS
G:m—+—————Hm<}Z,M%@—@.

2h2 2h2 2
(i) If ho # 0, h1 # 0 and hg = 0, then Eq. (2.5) has the solution

h
G = —]2 + Cyexp(hi§).
—h

(iii) If ho =0, h1 # 0 and hy # 0, then Eq. (2.5) has the solution
h
G= - .
—hy + Cshy exp(—hi§)
(iv) If ho =0, h1 = 0 and hy # 0, then Eq. (2.5) has the solution
1
G=—7—.
—ho& + Cs
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(v) If hg # 0, hy =0, and hy = 0, then Eq. (2.5) has the solution
G = ho§ + (7,

where C; (0,1,...,7) are arbitrary constants.

3. APPLICATIONS

In this section, we apply the enhanced (%)—expansion method to find new
traveling wave solutions for some nonlinear PDEs in mathematical physics.

3.1. The (2+1)-dimensional typical breaking soliton equation. Consider the
following (2 + 1)-dimensional typical breaking soliton equation

Ugt — HUgUpy — 2Ugr Uy + Ugzey = 0. (3.1)

The traveling wave variable (2.2) permits us converting Eq. (3.1) into the fol-

lowing ODE:

4" =0, (3.2)

"

C—Vu — 3(u')
where C' is an integration constant. Consider the homogeneous balance between
and (v')? in (3.2) we get m = 1. From (2.4) we get

1 G i
Ai(Z)
u(§) = Z TR
=1+ 0(E)]
where A; are constants to be determined and G = G(¢) satisfies Eq. (2.5). It is easy
to deduce that:

o — ho — hoG? — 2h3G?
a (ho + G+ h2G2 + thS)(0h3G3 + Uh2G2 + (1 + Uhl)G + O'ho)2

x[(A90®h3 — A1h2)GC 4 (24202 hohs — 2A1hohs) GO
+(A90°h3 + 2As0h3 — Arh3 + 2A20%hihg — 2A1h1h3)G?

(3.3)

(
+(—=2A1h1hy — 2A1hohs + 2A20%hghg + 2As0hy + 2A20%h hy)GP
+(Ag + 2490hy — A1h3 4+ Agc®h3 — 2A1hohy 4 24502 haho)G?
+(—=2A1hohy + 2A20hg + 24502 h1ho)G — A1h3 + Aso®hl); (3.4)

-1
(h() + G+ h2G2 + h3G3)(0h3G3 + Uh2G2 + (1 -+ O'hl)G + Uh0)3

x[(—Ajoh3hy + Aya3h3he)G' 4 (—8A 3 — 4A10h3hy — 3A 0hih3

"
u =

+4A90°h3hy + 3A90°h3h3) G2 + (—25A1hihy — 3A10h3h3 + 3A90°hiha
—16A10h3hihy — 9A10hihg + 3A203h2RS 4+ 9A20°hiahg + 16202 h3hy he) G
+(12A20%h3h3 — 21A10h3h1h3 — 12A10h3h3 — 28 A1 hihs — 34A10hihohs
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+21A20°h3h b3 — Ajohahs 4+ 124002 h3hy + 6As0?hihs + Asc®hshi
—20A1h3hy + 34A20° hhohs )G + (45 A503h2h3ho + 3Asoh3he — 17T A hoh
—13A1hshi —40A 0h3hohy +33A20°h3hiho +40Asah3hohy +30 A0 hah2 ho
+10A30°hghy by —30A10h3h3hy —10A10hy hahi —45A1ohahohs —43A1h3hi ho
+27h3 Ay’ hg + 3A20%h3h3)G? + (=28 A1hshih3 — Ajohshy — 27A1oh3h3
+24h3 Ay hghg + 1024203 h3hihohy — 21 A 0hihsh3 + 12A50h%hy — 2h3 Ay
+3As0h3h3 + 24A90%h3hih3 —102A,0h3hohyho —16 A1 h3h3 421 Ayo®hyhih’
+27A20°h3h2 + 24 A0 h3h3 + 72 A0 h3hoho —24h3 A hzohg + 12h3 Agohi
—36A;1hohah? + Ao®hihy —12h3 A1h30)GB+ (T8 Aga®hahi haho + 3A20° hiah?
—16hy Ay hSohs + 4h3 Asc®hg — 4hy Ayohg + 27 Asahoh3 — 23A1hoh3hs
+81A20°h3hohy + Ashahs + 3Aa0°h3hy — 54A10h3hoh? — 19A 1 hah?hs
—3A10h3h3 + 69A203h3hah} — T8 A ohyhahohs —27A1hohih3+18 Asahghyhy
+54A203h3h3hg — 69 A1 0h3hdhy + 16hy Asa®h3hy+33 Ao hah?hg —5h3 Arhy
+57A20%h3h3hg)GT + (—12A1h2h% — 4A 1 hohd — 4A10hihs — 3A 0h3h}
+54A20°h3hE + 12A90h3h? + 124502 hh3 + 4Ay0°hghi — 4A hgh}
—32A1hoh1hohs + 4Ashshy — 4h3A1h — 54 A 0h3hghd — 69A10hihihy
—78A10h3h3hohg + 69A20°h3hi1h3 + 54Ay03h3h3hs — 16 Ayohy hohs
+42As0hohohs 4+ 124502 hohi + 3As0h3hy + 6Ay0hih} 4 3A20°h3h3
+120A4202h3hihohy + T8 Ayohahihohg + 16 A2 hoh3hy ) GO
+(—15A1h2hohs — 11A1hoh3hs — TA1hohih3 — 27T A ohihy — 12A,0hihd
+27Ao03h3h3 4+ 124903 hEh3 + 12A50hoh3 + 9Ashohs — ho AR 4 ho Ashy
—24A10h3hahg — 102A10h1hahihy + 102A20°h3hihahs — 21 A 0h3hoh3
+42A50hohihs — hoAjhio + 3ha Ash3o 4 3ho Aac®h3 + ha Asohi
+57A20?hahiho + 81Ay02hahahd + 24 A0 hahihg + 33 Asa®hohih3

+21 4503 hoh3h3)G® + (24A202hoh2ho + 4Ashohs + 10As03hoh3ho

—40A 0hohshd + 27 Asah3hs + 18 Agohohyhg + 24A20°h3h3 + 30A20°h3hi h
—4A1hoh2hg — 30A10h1h3h3 + T2A202hshi h3 + 40As03hdhaohs — 45A10h3hah?d
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—4A1h2h3 + 45 A0 h3h3hy — 12A1h2hihs — 10A 0h3hohy)G*

+(=124,0h3h3 + Asc3hoht — 5A1h3hs + 334902 h2hihy 4+ 21 Ao h3h3hy
—Ajohihg — 21A10h2h3hg + 12A50h3hg + 3Aschoh? — 34A 0hy hsh)
+34A503h3h1hg + 27 Aso®h3hs + 3As0?hoh — TA1h3hihy + Ashohy
+12A90°h3h3 — A1hoh3)G? + (3As0hdhy — 4A1hghe — 9A ohshy + 9As0>hghs
+12450%h3hy — 16 Ajohihiho +6A20°h3h3 —3A 10h3h —4A 1 h3h3 +3As03h3h3
+16A20°h3h1ho)G? + (3A20%h3hy — 5A1h3hy + 3A20°h3h3 + 4A20°hghs
—4A10hohg — 3A10h3h3)G — 2A1hg 4+ AsoPhihy — Ajohihg); (3.5)

-1

(ho + G+ h2G2 + h3G3)(O'h3G3 + Uh2G2 + (1 + Uhl)G + O'ho)4

x[(Ago*hShy — A10°hSho)G™® + (6Az0*h3h3 — 6A10°h3h3) G
+(14A90*h3h3 — 14A 0hoh3 + 10A90*h3hy hy — 14A10°h3h3

—9A50%hohS + 9A1hoo*h§ — 10A10%h3hihy + 4A20°h3hy ) GO
+(—8A10%h3h3 —44A 0% h3h3h, —16A10°h3hs —48 Ayoh3hy +44Asc* hahhy
+8A50* h3h? + 20A20°h3h3 4+ 16 Asc* hahi 4 36 A1hoo?hoh3 — 36 Asa*hoh3ho
—48A1h3 —52A10h3h3) G+ (—72A10°h3h3h1 —181 A1 hiho + 63A20 hihah?
—90A1 hooh3 —9A 0% h3h3+9As0 h3h3 —18 Aso® hohhy + T2 A2 hahihy
+6A90%hihy —T2A10h3h3+54 A1 hoo  h3hs + 36 Axa®hihi — 54 Ayt hohiah3
+18A1hoo?h1h3 — 63A10°h3h3hg — 36 Aaahoh3 — 234 A chahihy
+36A203hah1ho) G + (—262A1h3h% — 144 A1 h3hy 4 32h3 Ayohi
—18A50*h3h3 + 24A20°h3h3 + 28 Aaa®h3hy + 32A20*hihs + 2A20* hShs
—16As0*hoh3hihg + 40A1hoo?h3h3 + 16 Ay hogo?hihihy — 400A; hoohohi
—408A 0h3h3hy — 148A10°h3h3h3 — 52A102h3h3hy — 40 Ayo hohih

+148 As0*h3h3h + 120A30° h3h3hy + 52A20*hyhihy — 112420 hohihs
+18A1h20°h3 — 160A,0h3hs — 44A10hahs — 32A10°hah3 — 2A,0%h3hS) G2
+(—404 A1 h3hyha+184A20° h3h3ho+49As0  hoh3hi+4Aschahl+30Asc? hyh3



Enhanced (%)—Cxpansion method and applications to the (2 + 1)d typical breaking soliton 115

+8A450°h5hs — 123 A1 hohs — 42A90* hih3hy + 56 Aoo* hohy hahs — 179A 2R3
—49A1hoo®h3h3 + 21 A1hoo?h3h3 — 56 A hoohihihy + 42A1h30*hihy
—438A1hoohihy — 664A1hooh3hi — 14A10%hshihy — 54 A0 hoh

—312A 0h3h3hy — 524 A 0hoh3h? — 140A10°h3h3ho — 140A, 0% h2h3R3
—21Ag0* hoh3h3 + 48 Ago?h3hyho + 140 Ag0* B3h3HT + 140 Ag0* hihoh
+132A450°h3h3hy + 14A50* hhshy — 36 A2 hohihy — 124A503hoh3h3
—10A,0h5h3)G'? + (=56 A1 hhs — 396 A1h3h1h3 — 36 Aso3hihg + 48 Ay’ hish?
+12450h3h% 4+ 124502 hhs 4+ 96 Aoo®hih3 + 48 Ao hih3 + 48 Ao hoh3hy ha
—152A1h3h% + 36 A0 h3h3hy + 264 Ay hoh3hihy — 24 Asa*h2h3h3
+72A50% hoh1h3h3 — 120 As0?hohahi + 12A1 hoo®h3hs — 264 A1 hoohih3hy
—~T72A1hoo®h3h3hy + 24A1h20?*h3hs — 36 A hio?hihy — 504A; hooh3h}
—192A,0°h3h3h3 — 48 A10°hshah? — 1392A1hooh3hihy — 576 A1oh3hih}
—96A;0h3hahy — 1240 hoh3hs + 288A20°h3h3h? + 48 Ay hohsh?
+192A450*h3h3h3 + 108 Ay0?hy h3h3 + 48 Aso®hahshy — T2As03hoh3h3
—340A1 hohoh3 — 252A1h30hy — 192A10h3h3 — 48 A102h3hT)GM

+(Aghoh? — 154 A1 hyhghy — 282A1h2h3hy — 6hy Ajohs + 28 Ash2haohy
+8As0h3hs + Ao h3h? + 200420 hoh3h? + 372A20 hoh3hahs
—20A20°h3h3hy — 6h3 Ay + 2430  hohshihs + 232A20 h3h3h1 hy
+180A20%hoh3hihy — 6Aac*h3h3h3 — 90As0?hoh3hi — 164A1hoa®hih3
—232A1h30%hshihy — 372A1hoo*h2h3h3 + 6 A1h2o0?h3h3 — 2A1hoo®hyhyhs
—676A1hoohihi — 166A1hoohshs — 88A102hsh3h3 —36Asohoh3+18 Ay h3hs
—1512A1hooh3h1h3 — 776 A1h3chihy — 404A 0hah3h3 — 232A 0h3hshs
—127A10°h3hthy — 40Asahohahs + 164A20 o b + 180 g0 hoh3h?
+140 A9 h3hah? 4 88 Aaa*hih3hs + 60A202hihahy + 280A20°h3hGhy
+127 A9 hih3hy + 4A1hoo®hS — 18 A1 h3o?h3 — 252A 1 hohy h3
—327A1hoh3h3 — A1o?h3h? — 4A20%hohS)GM0 + (—64h3 A h3 — 18h3 A1 hy
—102A1h2h3 + 2A2h3hs 4+ 2004203 h3h3hs + 86 Ayohih3hs — 150A1 h3hsh3
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—20A10h3h? + 144A50°hshihs 4+ 32As0h3h3 4 96 Aga®h3h3 + 96 Ayo®hih3
+32450 SR 4 4420 h3h3 + 4As03haht — 48 Asohohahi + 336 Agoh3h3h3h,
+432A30*hohihahs + 216 Aaa®h3h3hy + 624 A30°hoh3h3hy — 18 Aga*h3hshs
+136 490 hoh3h?hs + 104A20 A3 h3ho + 48 Aso3h3h3h3 + 260 Ax0* hEh3h3
—48A20%hoh3hs — 456 Ay hohyhoh3 + 16A1hoo?hihy — 336 A1 h3a®h3hy h3
—104A1h3o*hihy — 136 A1 hoohih3hs — 432A1hoo?h3h3he — 96 A1oh3hi
—260A1h30%h3h; 4 18A1h3c°hahs — 624 A1 hoohihihs — 1392A, hoohhyh’
—86A10%h3h3hi — 16A20°hohs — 816 Ay h3oh3hs — 696 A1 hiohih,
—232A10h3hsh} — 4A10%h3h3 — 16 Ayo*hohihy + 32A20h3hsh, — 16A1hgohs
+144A90%hoh3hihy + 48 Aso3hoh3hihs — 124 A1 hoh3hs — 32A,0%h2R3)GP
+(—19h3 A1 h? — 14A1hohs — 9Ashoh3 + 132A20°hihohs + 42 A2 hhohs
+6Ashohshy — 60ho Ayh3hy — 24A10h3h3 + 252A20%hoh2ht — 21 Ayt hohih?
—12A50*h3h3 + 124203 h3h3 + 6 Ao hihs 4+ 6 Ay hih3 — 24As0hoh3hs
+36Ay0hohih: + 684 As0 h3h3h3hy + 150 Asc? h3hah3 + 264 As0* hoh3hihs
+684A903h2h3h1hy + 108 Asc*h2h3hhs + 216 Aao*hihihy — 48 Ay hohihy
—234 A1 hoh1hahs + 21 A1 hoo?h3hy — 153 A1 hgo®hihs — 108 A1 hEo?hihihs
—150A1h3o®hah — 216 A hio?hihy — 684A1h3o?h2hoh3 — 264 A1 hoo®hihihs
—1368A1hiohihah3 — 396 A1hoohih: — 66 A1hgohihy — T92A1hooh3h3hs
—42A10%h3h3hg + 108 Agc®h3h3 — 324 A1 hiohihs — 1024 0hohshi
+60Ay0hohsh? 4+ 144A50%h3hohs + 360 Ay0hoh3h3 + 153 Ayc*hohihs
+1084202hoh3hihs + 90As0?hihihy + 396 Ayo3hohihihs — 177 A h3hoh
—150A1hoh2h3 + 12A1h20?h3 — 216 A1h3ohi — 6A102hih] — 24A50%hohy)G®
+(—8h3A1h3 + 8Ashsh? — 8A1hihs — 16A10hihs — 12A10h3hT + 32A5hshio
+4Ash3hio — 8A10°hShy — 4A 102 h3NS + 48 Ayo®hahi + 32A20°hah
+12A4502h3h3 4+ 1245030301 + 8430 hshS 4+ 4430%hahS — 40Ay03hoh3h?
—32A20°h3h3 — 4Ashohahs + 80Aschohy hohs + 408 Ayo hihIh3hs
+568A20*h3h1hihe + 336 Ao h3h3h3 + 328 Aao®hgh3ha + 360 Aso?hohihohy
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—32450 h3hshy + 56 As0 h3h3hs + 624 A0 h3h3h3 — 48 Aso?hohih3
—132A, hoh3hohs + 8A1hoo?h3hs — 568 A1 h3o?hihoh? — 56 Ay hio?hihs
+32A1h30%h1hy — 408 A1 hio*hih3hs — 336 A1 hio?hih; — T20A1h3ohih3hs
—188A1hgo’hihohs — 88A1hgohihs — 400A1 hooh3hahs — 528 A1 h3ohihs
+36As0h2h: — 16 Agohohs + 72A0 hihs — 3924, h30h3hy — 8Aso*hohih
+72A90°h3hahs + 324 A20®hihihy + 464 A503hoh3hahs + 432A20°h3hahy s
+188A90% hohihohs — 108 A h3hih3 — 84A h2h3hs — T2A1hio®h3 — 32A 1 hiohs
—28A1hoh1h3)G" + (—haA1h} — 8A1h3hs — 4Ashoh3 + 156 Aso®hohihs

+46 Agathohihy — 24 A0 h2h3 + 18 Ashohshy — 16 Aychohy h
+72A20h3hohs + 356 Ago* hihih3hy + 408 Ao h3hihohs + 404As0* h3nI A3
+189A50*hghahi + 540 As0®hgh3hy + 468 Aso®h3hihahs + 192A30° hohihs
—18A502hoh3h? — 22450 h3h3h3 + ho Ash? — 46 A1hoo*hihy — 2A1hoo*hih3
—356 A1 hio?hih3hs — 189A  hio?h3hy — T8 A1 hEhihohs — 408 Ay hEa?h3hohs
—404 A1 h3o®hihE 4+ 22A1h30*hih — 66 A1hoohihs — 40A 1 hoohihs
—172A1h3ch3hs + 4hy Aso®h3 + 100As0hohihs + 1624202 h3h3 — 8 Ayt h3hs
—456 A1 hiohaoh3hs — 60A hiohihy — 264A1h3oh3hy — 4As0®hohih3

+2A50 hohh3 + 8044203 h2h2hohs — ho A1hSo? — 48 Aso®h3h3hy

4224 A903h3h3hs — 21 A1h3h3 + 6ho Asc®h] — 20A1hoh3hs + 4ha Ashia
—2ho A1hSo + ho Aga®hS — 15A1hoh3h3 + 8A 1 h3o*h3)GC + (18 Agh2hs
—36A1hioh3 + 252A20*hghih 4+ 1804903 hih3 + 504As0*hdh2 hohs
+360A202h3h3hs + 360A20°h3h3hs — 4A 1 h3hohs — T2A1h3ah3hs
+240A50%h3hahs — 126 A1hgo*hihs + 126 Aso* hyhshs + 144 Ash3hi hso
—504A1h3c%hohihs — 126 A hgo?hihs — 6A1h3h3hs + 126 Ayo*h3hihs
—144 A, h3chihohs + 720 Ay03h3hhohs — 252A 1 hio®h3hy)G®

+(Arhoht + 8A1h3h3 + 63420 h3h3 + 16 Asch3hyho + 326 Asa* hghy hohs
+22450* h3h3h3 + 18 A20°h2h2hy — Ashoh? + 324 A50%hihyhs + 4Ashihy
+200A20*h3h3hs + 248 Ay hghohs + 2A1h30*hihg — 326 A hgo®hihohs
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—200A1h302hihs — 22A1h30?h3h3 + 60A hiohahy + 8A1h3ohihs

0 0 0 0
+40A1h3hihy + T2As0h3hs — Aso*hohS — 6 Aso®hoh] — 4Asahoh
+24A50%hyh3 + 8As0*hghi + 14A1hjohohs + 4As0® h§hihy
+452A203h3h3hs + 48 Ago hihihy — 2420 h3hhy + 18A 1 h3hy by
+15A1h3h2hy — 63A1h30%h3 + 2A1hoohs + Arhoo®h8 — 8A hio?h
—4A50%hoh})G* + (8ALhERS 4+ 12A1hghs — 84A 0% hohihs — 4As0*h2h3
+84A50 hihohs — 124502 h2h3 — 12A50°h2hT + 184 As0 hihihs
+32A420% hih1h3 + 48 Aga®hhihy + 288 Aso®hghihy — 32A1hga*h3hy
—184A1hio?hihy — 8A1h3a?hihy + 88 A1h3ohihy + 48 Ay hgohihs
+16A20h3hy 4+ 108 Ago®hihs + 32A20°hgh3 + 40 A2 h3h3hy 4 8 Ago* h3h3hy
+28A1h3h1hy +4A1h30° ] + 32A 1 hioh3 — 4As0hih? + 12A,h30h])G?
+(14A1hihe + 18A1hiohs + 19A1h3hT — 21 A1hgo*hihy — 12A20° A3 hi
—90A1h§o%h1hs — 6 A0 h3hT — 12A1h30%h3 + 24 A1 hjoh} + 66 A1hgohhy
+48 4503 hih1hy + 6A1h30?hT + 90As0*hihihs + T2A203hihs 4 24 As0?hghy
+12A450%h3h3 — 6Asc* R3] + 21420 hih3hy)G? + (—16hy A1ohohd
+16h1 Asc?hghy 4 16 Aga®hhg + 18 A1 hihg + 18 Asc® hShs + 20A,0h3hg
—18A1hS0%hs — 4As0*hih? + 4A 1 hjo? RS + 16 A1hgohy — 4A20°hih?)G
+A1hgo?h3+4 A0 hiha +6A1hgohy +6A1hi — Ao hghi —4A 1 h§o?hs].  (3.6)

Substituting (3.4) and (3.6) into (3.2) we obtain a polynomial in the power of

G. Equating the coefficients of this polynomial to zero, we get a system of algebraic
equations which can be solved by Maple or Mathematica. We obtain the results:

2h1ho
—hg 4+ C5hq exp [—hl (1‘ +y— h%t)] ’
2C5h%(1 + ahl) exp [—hl (3; +y— h%t)]
—hg 4 Cshy (1 + ohy) exp [—hi (z +y — hit)]’

uy = Ag + 2h1 +

uz = Aog +

where hy # 0, ho # 0 and Cs are arbitrary constants.

2hohy
—hg + Cyhq exp [hl (3; +y— h%t)] ’

U3:A0—2h1—
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204h%(1 + ahl) exp [hl (a: +y— h%t)]
—ho 4+ Cyhi (1 + ohy) exp [h (z +y — hit)]’
where hg # 0, hy # 0 and Cy are arbitrary constants.

ug = Ag —

4Cyh3 exp [—2hy (z +y — 4h31)]
—hg 4+ C1hy exp [—th (a: +y— 4h%t)] ’
4C’1h% (1 + ahl) exp [—th (m +y— 4h%t)]
—hg 4+ Crhy (1 + ohy) exp [—2hy (z +y — 4h3t)]’
where hy # 0, hg # 0 and C are arbitrary constants.

= A+

ug = Ag +

4hs
Ot Cotha o —2(x+y 2/ 300)]
V=3C{Co+ h3 [0 —2(z +y —2v/-3Ct)]}
6hs ’
where hg # 0, and Cs are arbitrary constants.

N 2hsy L V3@ [Co+ ha (0 —z —y+2V/=3Ct)]
"V Co+ ha(o —x — y+ 2/=3Ct) 3hs ’

where ho # 0 and Cg are arbitrary constants.

U7:A

u8:A

2h +\/—30 [C7+ ho(0 + x4y +2v=3Ct)]
Cr+ho(o 4z +y + 2v=3Ct) 3ho ’

where hg # 0, and C7 are arbitrary constants.

Uug = A()—

3.2. The (2 + 1)dimensional Burgers equations. In this section, we consider
the following (2 + 1)-dimensional Burgers equations:
—Uy + Uy + VU + Blyy + aBug, =0,
Uy — Vg = 0, (3.7)
where o and 3 are nonzero constants. The traveling wave variable (3.7) permits us
converting Eq. (3.7) into the following ODE:

V' +uu' + avu’ + B(1 + a)u” =0,
u' =" =0. (3.8)
Consider the homogeneous balance between «” with vu’ and «” with uu’ in (3.8)

we get n = 1 and m = 1. Using the same idea in Sec. 3.1, we may choose the solution
of Equation (3.7) in the form

—
Sy
—~
QR
~

(3.9)

_A(E)
e (@)=

i——1 [1 U(U)] i +o(E)]

<
—
I
~—
Il
-
f«
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where A;, B; and ¢ are constants to be determined and G = G(ﬁ) satisfies Eq.
(2.5). Substituting (3.4), (3.5) and (3.9) into Eqgs. (3.8), we obtain a polynomial in
the power of G. On equating the coefficients of this polynomial to zero, we get a
system of algebraic equations which can be solved by Maple or Mathematica and we
obtain the following results:

28C5h? exp [—h1 (CL’ +y— Vt)]

—B(1 ~V —aBy - :
u = A+ a)h —V —abo —hy + Cshyexp [~hi(z +y — Vi)]’

B 2[305]1% exp [—hl (a: +y— Vt)] '

—hg + Cshq exp [—h1 (CL’ +y— Vt)] ’
2[3C5h%(1 + Uhl) exp [—h1 (a: +y— Vt)] '
—hy + Cshy (1 + ohy) exp [—hi(z +y — V)]’
,3(1 + Oé)hl -V -4 _ 2,305}1%(1 + O'h1) exp [—h1 (CL’ +vy— Vt)]

o —hg + C5hq (1 + ahl) exp [—hl (a: +y— Vt)] ’

where hy # 0, ho # 0 and Cs are arbitrary constants.

4501}7,% exp [—2h1 (1‘ +y— Vt)]
—hg + C1hy exp [—2}11 (a: +vy— Vt)] ’

U1:BO

UQ:A()—

Vg =

u3:2ﬂ(1+a)h1 -V —-—aBy—

B 4BC1h? exp [—2h1 (m +y— Vt)]
—hs + Cihy exp [—2hi (z +y — V)]’
4BClh%(1 + O'hl) exp [—2h1 (a: +y— Vt)]
—hs + C1hy (1 + O'hl) exp [—2h1 (a: +y— Vt)] ’
26(1 + a)h1 -V -4 B 4BClh%(1 + O'hl) exp [—2h1 (CL’ +y— Vt)]
« —hs + Cihy (1 + ahl) exp [—th (m +y— Vt)]
where hy # 0, hg # 0 and C7 are arbitrary constants.
2[304]1% exp [hl (a: +y— Vt)]
—hg + Cyhq exp [hl (CL’ +y-— Vt)] ’

v3 = By

U4:A0—

V4 =

)

Uy = —B(1+a)h1 -V —aBy+

23C,h? exp [hl (l’ +y— Vt)]
—hg + Cyhy exp [hl (m +y— Vt)] ’
2,804h%(1 + O‘hl) exp [hl (m +y— Vt)]
—ho + Cyhy (1 + ohy) exp [h1(z +y — V)]’
B(l+a)h +V + Ag N 28C4h3 (1 + ohi) exp [hy(z +y — V)]
o —ho+C4h1(1+ah1) exp [hl(:z:—i-y—Vt)]7
where hg # 0, hy # 0 and Cy are arbitrary constants.

vs = By +

ug = Ag +

Vg — —
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Remark 3.1. The ansétz (2.4) and (2.5) proposed in this paper is more general
than the ansdtz in the original (%)—expansion method [18], the improved (%)—

expansion method [5], the generalized (%)—expansion method [10], the extended
(%) -expansion method [6] and the modified (%)—expansion method [2]. If we
set the parameters in (2.4) and (2.5) to special values the above methods can be
recovered by our proposed method. Therefore our new method is more powerful than
the above methods and some new types of traveling wave solutions and solitary wave
solutions would be expected for other nonlinear equations.

Remark 3.2. By writing the exact solutions of nonlinear equations as polynomials

/

)

1+0(%)
equations which can be solved with the help of symbolic computation. Therefore
our method is a pure algebraic algorithm which can be applied to integrable system
and non-integrable system.

, the equations can be changed into the nonlinear system of algebraic

Remark 3.3. All solutions presented in this article have been checked with Math-
ematica by putting them back into the original equations (3.1) and (2.2).

4. CONCLUSIONS

In this work, the enhanced (%)—expansion method has been successfully applied
to find the exact solutions of the (2 + 1)-dimensional typical breaking soliton and

3 )
Burgers equations. In this paper, we investigated the case when G’ = > h;G'. In
i=0
the future, the proposed method can be extended to the case i > 4. The present work
shows that the enhanced (%)—expansion method is direct, concise and effective, and

can be applied to other nonlinear equations in mathematical physics.
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