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A VECTOR FORM OF ALEKSANDROV’S THEOREM
FOR NORMAL TOPOLOGICAL SPACES

SURJIT SINGH KHURANA

ABSTRACT. Let X be a Hausdorff normal topological space, E a quasi-complete
locally convex space, C'(X) (resp. Cp(X)) the space of all (resp. all, bounded),
scalar-valued continuous functions on X, and J the algebra generated by the
closed subset of X. The following form of Aleksandrov’s theorem is proved: Sup-
pose p: Cp(X) — E a weakly compact linear mapping. Then there exists a unique
finitely additive, exhaustive measure v: § — E such that

(i) v is inner regular by closed sets and outer regular by open sets;

(i) / fdv = u(f), ¥ € Cy(X).

When X is also countably paracompact some additional results are also proved.

1. INTRODUCTION AND NOTATION

In this paper R stands for the set of real numbers, K will denote the field of real
or complex numbers (we will call them scalars), X a Hausdorff normal topological
space and E a quasi-complete locally convex space space over K with topology
generated by an increasing family of semi-norms ||.||,, p € P; E’ will denote the
topological dual of E. For ap € P, V, = {x € E : ||z]|, < 1}; polars will be taken
in the duality < E, E’ >. We denote by C'(X) the space of all K-valued continuous
functions on X, and by Cy(X) the bounded elements of C(X). Z C X will be called
a zero-set if Z = f71(0) for some f € Cy(X) and the complements of zero-sets
will be called positive sets. The elements of the o-algebra generated by zero-sets
are called Baire sets and the elements of the o-algebra generated by closed sets are
called Borel sets; B(X) and By(X) are the classes of Borel and Baire subsets of X
and M, (X) denotes the class of all scalar-valued, countably additve Baire measures
on X. For locally convex spaces, the notation and results of [11] will be used. For a
vector space F, F’* will denote its algebraic dual. N will denote the set of natural
numbers. For topological measure theory notations and results of ([5], [7], [12], [13],
[14]) will be used. All locally convex spaces are assumed to be Hausdorff and over
K. X will denote the Stone-Cech compactification of X.
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With sup-norm topology, Cy(X) is a Banach space which is isometric isomomor-
phic to C( X). The dual of Cy(X) is denoted by M(X). For a function f € Cp(X),
f will denote its unique continuous extension to X.

Now we come to vector-valued measures; integrability of scalar-valued functions
is taken in the sense of [8]. If A is a o-algebra of subsets of a set YV, u: A — E
a countably additive vector measure and p € P, we denote the p-semi-variation
of u by fip, fip(A) = sup{lg o pl[(A) : g € V;DO} (here Vp0 is the polar of V, in
the duality < E,E’ >) [8]; we consider the submeasure f,: A — RT, ,(A) =
sup{||u(B)|lp : B € A, B C A} ([2], [5]). It is easily verified that /i, is countably
sub-additive [2] and /1, < fi, < 4/1,. Also there is a control measure for fi,; this will
be denoted by Ap; this control measure can be chosen to be in the closed convex hull
of {lgoul:ge€ Vpo}, with norm topology on measures ([8], p. 20, proof of Theorem
1). This control measure also has the properties that:

(i) |f o p| < A for every fin E' with ||f]|, < 1;

(note that ||f]l, = sup{|f(z)| : = € V;.});
(i) if Ap(A) = 0 then f,(A) = 0;
(i) | lim () = O

(iv) Ap < fip.
We also have the result that if f: Y — K is measurable function, B € A and |f| < ¢

/deﬂ < cfip(B).
p
L' () will denote the space of p-integrable functions [8]. For any f € L'(u), we

take fi,(f) = sup{lg o ul(|f]) : g € V;'} ([8], Lemma 2, p. 23).

If F is an algebra of subsets of aset Y and u: F — FE a finitely additive measure
then p will be called exhaustive if for any disjoint sequence {A,} C F, we have
1(An) — 0 ([2]); exhaustive measures are called strongly bounded measures in [1];
for quasi-complete F, a finitely additive u is exhaustive iff () is relatively weakly
compact inE- for Banach spaces, it is proved in [1] and it easily extends to quasi-
complete locally convex spaces.

on B, then

2. ALEKSANDROV’S THEOREM

In this section, we extend the celebrated Aleksandrov representation theorem,
for Hausdorff normal topological spaces, to the vector-valued measures. In scalar
case, in a simple form, this theorem says:

Suppose X is a Hausdorff normal topological space, F the algebra generated by
the closed subset of X and p: Cp(X) — K a continuous linear mapping. Then there
exist a unique, finitely additive measure v: ¥ — K such that:

(i) v is inner regular by closed sets and outer regular by open sets;
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(ii) /fdl/ = u(f), Vf € Cp(X). (]3], p-262; [13]). Note Cp(X) is contained in

the uniform closure of F-simple functions on X in the space of all bounded functions
on X and so each f € Cy(X) is v-integrable.

We state and prove the following extension. Our proof is obtained by the reg-
ularity properties of the corresponding regular Borel measure on X and is very
different from the given in [3] and other known proofs.

We start with a crucial lemma for normal topological spaces:

Lemma 2.1. Suppose A and B are two closed sets in a Hausdorff normal space X.
Then AN B = ANDB (for a subset C C X, C' denotes the closure of C in X ).

Proof. By normality, the result is true if AN B = @. So we assume A N B # &.
Assume that a € ANB\ AN B. So there is a closed neighborhood Q of a, in X, such
that QN(ANB) = @. Putting P, = ANQ and P, = BNQ, we get PLNP, = &. Since
X is normal, P, N P, = @. But a € P, and also a € P;; this is a contradiction. [

Now we come to the main theorem

Theorem 2.1. Suppose X is a Hausdorff normal topological space and a weakly
compact linear mapping u: Cy(X) — E. Then there exist a unique finitely additive,
erhaustive measure v: F — E such that:

(i) v is inner regular by closed sets and outer regular by open sets;

(i) [ fav=pu(h). ¥f € Cux).

Proof. Considering fi: C' (X ) — E, we shall get an FE-valued regular Borel measure
fi: B(X) — E ([7]) (we denote the measure ji by the same notation as operator ji
because the operator fi uniquely extends to all g-integrable functions). If A is a
subset of X or X, A will denote the closure of A in X. Fix p € P.

We prove this theorem in several steps.

1. Let @_: {A:Aa closed~set in X}. Tlgen for every Q € € and ¢ > 0, there
exists W € €, such that W C X \ Q and 1,(X \ Q \ W) < c.

Proof. By regularity of fi,, there is a positive set V C X \ @ having the property
that /1,(X \ @\ V) < § (a positive set in the complement of a zero-set). Take a
g€ C(X),0<g<1,such that V = g~1(0,1]. Denote by

Vn:{xef(:g(:zj)>l}

n
and )
Zn:{xe)z:g(:z:)zg}.
Now,

Zn+1 D) (Zn+1ﬂX) D) (VnﬂX) OV,
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(note X is dense in X ). By choosing n sufficiently large, without loss generality, we
can assume that f,(V \ V;,) < g Taking W = (Z,41 N X), we get the result. O

I1. Let A be the algebra, in X, generated by € and denote, by Ao, the elements
of A which have the property that these elements and their complements are inner
regular by the elements of €. Then Ay = A.

Proof. We use Step I and Lemma 2.1 to prove it. By Step I, Ay O €. By definition,
Ap is closed under complements. Also, using Lemma 2.1, it is a routine verification
that if A and B are in Ag then AN B and AU B are also in Ay. This proves the
result. O

IT1. Tt is a simple verification that ANX D F. Alsoif A€ Aand ANX =@,
then ,L:Lp(A) = 0. To prove this, take any C € €, C being a closed set in X, such
that C' C A. This means C is empty and so fi,(A) = 0.

Now we can define a v: F — E, v(B) = i(A), A being any element in A with
B = AN X; it is a trivial verification that v is well-defined, is finitely additive and it
is inner regular by closed sets in X and outer regular by open sets in X (this means
forap e P, F € Fand ¢ > 0, thereis, in X, a closed set C' and an open set V', C C F
and V D F, such that for any B; € F,B1 C F'\ C and any By € F,By C V' \ F, we
have ||v(B;)|l, < ¢ for i = 1,2). We also have v(C) = i(C), for any closed C C X.
Since v(¥) is relatively weakly compact in E, v is exhaustive (= strongly additive)
([1], Corollary 3, p. 28; this is proved for Banach space E but easily extends to
quasi-complete locally convex space E). Also for any B € F, v,(B) < fi,(A), where
A is any element in A such that B= AN X.

IV. For any f € Cy(X), u(f) = /fdu.

Proof. Assume fi,(X) < 1. Fix ¢ > 0 and take an f € Cp(X), 0 < f < 1. Then
n

there is a non-negative, F-simple function ZaiXBi such that B;’s are mutually

=1
n
f— 5 a;XB;
=1

Take mutually disjoint {A4;} C A such that B; = A; N X for every i. Also
consider mutually disjoint closed sets {C;} C X, such that f,(A;\ C;) < %, for each

1. Now

H/fdu =) aw(Cy)

disjoint, their union is X and <con X.

) < H/ fdv =" aiv(B;)

<c+ HZ aifi(A; \ Cy)

+ HZ a;v(B; \ C;) ,

c
<c+n-—=2c
D n
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Also < c¢ implies that

n
f=> aixs,

i=1

<c

‘JF - Z az’X@
i=1

on U(C;) (note C; are also mutually disjoint by Lemma 2.1).

Therefore,
H/fdﬂ - Zaﬂ/(ci) = H/fdﬂ — Zaz‘ﬂ(@)
P P
<c+ HZ aifi(A; \ Cj) )
<c+n- € = 2¢c.
n
This proves that u(f) = v(f). O

V. Uniqueness.
Proof. Let v: F — E be a finitely additive regular (inner regular by closed sets in
X and outer regular by open sets in X) measure, having relatively weakly compact
range, such that / fdv = 0, Vf € Cp(X). This means v is exhaustive and so

Up(X) < oo, Vpe P. If v #0, there is a p € P, a closed set Z C X, and ac > 0
such that ||v(Z)||, = 2¢. Take a a open set U D Z such that 7,(U \ Z) < c¢. Take an
feC(X),0<f<1, f(Z)=1, fF(X\U)=0. We get

O:/fdu:/zfdz/—i—/U\Zfdu.

This means v(Z) = — fdv and so 2¢ < 1, ,(U \ Z) < c¢. This contradiction
U\Z

proves the uniqueness. O

These steps prove the result. O

Now we make the additional assumption that X is also countably paracompact.
In this case we prove that any Baire measure can be uniquely extended to regular
Borel measure.

Theorem 2.2. Suppose X is a Hausdorff normal and countably paracompact topo-
logical space and p: Bo(X) — E a Baire measure. Then it has a unique extension
to a countably additive Borel measure p: B(X) — E which is inner reqular by closed
sets and outer reqular by open sets.
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Proof. By ([7], Therem 2), we get a unique linear, continuous, and weakly compact
mapping p: Cp(X) — E which is continuous in the strict topology [, (which is
weaker than norm topology) on Cy(X). We fix a p € P and use the notations
of Theorem 2.1. As in Theorem 2.1, we get an FE-valued regular Borel measure
fi: B(X) = E.

We do the proof in several steps:

I. Let {C),} be a decreasing sequence of closed subsets of X such that NC,, = C.
Then fi,(N(Cy) \ C) = 0.

Proof. We first consider the case when C' = &. In this case {V,, =C/ : 1 < n < oo}
is an opening covering X. Take an open neighborhood finite refinement covering and
a partition of unity {g, : @ € I'} subordinated to this refinement. Let f,, = Z Ja
acl,
where I,, = {a : support of g, C V,,}. We get f,, 11 and so Z,, = f,, }(0) D C,, and
NZ, = @. Note Z, are zero-sets. Since u is a Baire measure, we have 0 = fi,(N(Zy,).
Since N(C,,) C N(Zy,), we get i,(N(Cy)) = 0. Now we consider the case when
C # @. Fix a ¢ > 0. By Theorem 2.1 (I), there is a closed set Q C X \ C such that
(X \ C\ Q) < c. Since N(C, N Q) = @, by using which is just proved above and
Lemma 2.1, we get f1,(N(C, N Q)) = 0.

Now
ip(Cu\ C) = i1p((C N Q) U (C_n~\ Q\0))
< ip(CaN Q) + (X \ Q\ O).
Taking limits, we get fi,(N(C,) \ C) < c. This proves the result. O

I In the notations of Theorem 2.1(T, II), let, this time, A be the o-algebra, in
X, generated by € and denote, by Ap, the elements of A which have the property

that these elements and their complements are inner regular by the elements of C.
Then Ay = A.

Proof. As done in Theorem 2.1(II), Ag D € and it is an algebra. Take a sequence

{A,} C Ap. Fix a ¢ > 0 and take a sequence {C,,} C € such that fi,(A, \ Cp) <

4% Vn. From this it easily follows that fi,(UA, \ ( U Ci)) < ¢ for some m and
1<i<m

fp(NAn \ NCy)) < c. Putting C = | G, we get fi,(UA, \ C) < c. Let D,, =

1<i<m

N C;; then D,, | and NC,, = ND,, and so NC,, = ND,,. Put D = ND,,. By I,
1<i<n

fip(N(Dy,) \ D) = 0 and we also have fi,(NA, \ NCy,)) < c. This gives
fip(NAx \ D) = fi,((NAz \ NDy) U (NDy, \ D)) = fip((NA, \ NCp) U (NDy, \ D))
< fip(NA, \NCy) + fp(ND, \ D) < ¢,

(using again I).
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This proves A = Ag. This proves the result. O
. AnX D B(X)

Proof. From A D C, it follow that AN X contains all closed subset of X. Using this
with the easily verified fact that A N X is a o-algebra, the result follows. O

IV. For any A € A with ANX =2, 1,(A) =0

Proof. By 11, A is inner regular by the elements of €). Since AN X = @, the result
follows. O

Now we can define a yu: B(X) — E. Take any B € B(X) and select any B € A
such that B N X = B; define u(B) = ji(B); it is a trivial verification that u is
well-defined, is countably additive and it is inner regular by closed sets in X and
outer regular by open sets in X. O

Remark 2.1. For scalar valued measure, this result is prove in [10].

3. REPRESENTATION THEOREM FOR C(X),
WITH X COMPLETELY REGULAR

In this section we assume that K = R. A subset B C C(X) will be called order-
bounded if there are elements f and g in C'(X) such that f <b<g, Vb€ B. It is
well-known that a linear map p: C(X) — R, which maps order-bounded sets into
bounded sets, gives a unique v € M,(X) such that C(X) C L'(v) and u(f) = [ fdv
([4]; [14], Theorem 23).

We will extend to the vector case.

Theorem 3.1. Suppose X is a Hausdorff normal and countably paracompact topo-
logical space and pv: C(X) — E be a linear map such that order-bounded subsets are
mapped into relatively weakly compact subsets of E. Then:

(i) there is a unique Borel measure v : B(X) — E, which is inner reqular by
closed subsets of X and outer reqular by open subsets of X, such that C(X) C L'(v)

and () = [ Fav:
(i) for every p € P, there 1is compact C C vX (the real-compactification of X ),
depending on p, such that v,(X \ C) =0 ([4]).

Proof. By [7], Theorem 7, p. 695, there is v : Bo(X) — E, a unique Baire measure,
satisfying all the conditions of the above theorem, except Borel extension. But the
regular Borel extension follows form Theorem 2.2. O
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