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AN IMPROVED CHEN-RICCI INEQUALITY FOR
LEGENDRIAN SUBMANIFOLDS IN SASAKIAN SPACE FORMS

ION MIHAI AND IOANA N. RADULESCU

ABSTRACT. B.Y. Chen [Arch. Math. (Basel), 74(2000), 154-160] proved a geo-
metrical inequality for Lagrangian submanifolds in complex space forms in terms
of the Ricci curvature and the squared mean curvature. Recently, this Chen-
Ricci inequality was improved in [Int. Electron. J. Geom., 2(2009), 39-45]. On
the other hand, the first author [J. Austral. Math. Soc., 72(2002), 247-256] es-
tablished a Chen-Ricci inequality for submanifolds, in particular C-totally real
submanifolds, in Sasakian space forms. In this article, we improve the above in-
equality for Legendrian submanifolds in Sasakian space forms. We also investigate
the equality case of the inequality.

1. PRELIMINARIES

Let M2™ 1 be a (2m + 1)-differentiable manifold. The triple (¢, &, 7) on M2m+1
is called a (¢, &, n)-structure if it satisfies

where ¢ is an endomorphism of the tangent bundle, ¢ is a vector field, 7 is a 1-form
and [ is the identity tensor.

We recall that ¢§ =0 and o ¢ = 0.

If the manifold M?™*! with a (¢, &, n)-structure admits a Riemannian metric g
such that

for all vector fields X, Y, then M2+ has a (¢,&,1m, g)-almost contact metric struc-
ture. For more details see [1].

A (2m+1)-dimensional Riemannian manifold (]TJ/ 2m+l g is said to be a Sasakian
manifold if it admits an almost contact metric structure, which is normal, i.e.,

(Vxo)Y = g(X,Y)E —n(Y)X, Vx&=—¢X,
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for any vector fields X, Y on TM 2m+1 where V denotes the Riemannian connection
with respect to g.

A plane section 7 in TPM 2mt1 is called a ¢-section if it is spanned by X and
¢ X, where X is a unit tangent vector orthogonal to £. The sectional curvature of a
¢-section is called a ¢-sectional curvature.

A Sasakian manifold with constant ¢-sectional curvature c is said to be a
Sasakian space form and is denoted by M?™*1(c).

As examples of Sasakian space forms we have R?™*! and $?™*! with standard
Sasakian structures (see more details in [1], [12]).

The curvature tensor of a Sasakian space form M2m+1 (c) is given by

R(X,Y)Z = 01‘3

{9(Y,2) X —g(X,2)Y'}

+%{9<X L6Z)pY — g(Y,02)9X +29(X,8Y )02} +1(X)n (Z)Y

—n(Y)n(2) X +9(X;2)n(Y)E =g (Y, 2)n(X)¢, (1.1)
for all vector fields X,Y, Z on M2™+1(c).

A submanifold M™ of a Sasakian manifold AM2™+! normal to ¢ is called a C-
totally real submanifold.

On such a submanifold, ¢ maps any tangent vector to M™ at p € M™ into the
normal space T;-M™ (see [11]).

In particular, if n = m, i.e., M™ has the maximum dimension, then M™ is said
to be a Legendrian submanifold.

We denote by K(7) the sectional curvature of M associated with a plane section
7 C T,M, p € M, by h the second fundamental form and by R the Riemann
curvature tensor of M.

Then the Gauss equation is given by:

R(X,Y,Z,W) = R(X,Y,Z,W) — g(h(X, Z), h(Y,W)) + g(h(X, W), (Y, Z)),

for any vectors X,Y,Z, W tangent to M".
Let p € M™ and {ej,e2,...,e,} be an orthonormal basis of the tangent space
T,M. We denote by H the mean curvature vector, i.e.,

H(p) = % Zh(€i7ei)
i=1

and by

n

112 =" g(hles e5), h(ei, e5))
1,7=1
the squared norm of the second fundamental form.
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For a Legendrian submanifold M"™ we may choose an orthonormal basis of T;-M n
of the form {e, 1 = ge1,..., €2, = Pen, ean+1 =&} One has

A¢XY = A¢yX, VX,Y € TpM,

or equivalently,

where A is the shape operator and
hf]: ( (62,6]) Qb@k) i?jvk:17...7n

Definition 1.1. A Legendrian H-umbilical submanifold M" of a Sasakian manifold
M?"+1 is a Legendrian submanifold for which the second fundamental form takes
the following forms:

h(ei,e1) = Ager, h(ez,e2) =+ = h(en, en) = pger,
hiei,ej) = pgej, hlejer) =0, 2<j#k < n.

2. RICCI CURVATURE OF SUBMANIFOLDS

In [2], B.Y. Chen established a sharp relationship between the Ricci curvature
(an intrinsic invariant) and the squared mean curvature (the main extrinsic invari-
ant) for any n-dimensional Riemannian submanifold of a real space form M (c) of
constant sectional curvature c; namely,

Ric(X) < (n—l)c—l— HHH

which is known as the Chen-Ricci inequality.

The same inequality holds for Lagrangian submanifolds M" in a complex space
form M™(4c) as well (see [3]).

The first author proved in [10] a similar inequality for submanifolds of Sasakian
space forms. Moreover K. Matsumoto and the first author [8] investigated the cor-
responding inequality for C-totally real submanifolds and characterized such sub-
manifolds which satisfy identically the equality case.

The Chen-Ricci inequality was further improved by S. Deng [7] for Lagrangian
submanifolds to the following.

Theorem 2.1. Let M™ be a Lagrangian submanifold of dimension n > 2 in a
complex space form M"™(4c) of constant holomorphic sectional curvature 4c and X
a unit tangent vector in T,M, p € M. Then, we have:

Rie(X) < (n —1) <c+ g HHH?) .

The equality sign holds for any unit tangent vector at p if and only if either:
(i) p is a totally geodesic point, or
(ii) n =2 and p is an H-umbilical point with A\ = 3.
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Moreover, Lagrangian submanifolds in complex space forms satisfying the equal-
ity case of the inequality were determined by S. Deng in [7]. More precisely, he proved
the following.

Corollary 2.1. Let M" be a Lagrangian submanifold of real dimension n > 2 in a
complex space form M"(4c). If

. n
Rie(X) = (n—1) (e+ 7 |HI) .
for any unit tangent vector X of M™, then either

(i) M™ is a totally geodesic submanifold in M™(4c) or
(ii) n = 2 and M? is a Lagrangian H-umbilical surface of M?(4c) with X\ = 3pu.

3. RICCI CURVATURE OF LEGENDRIAN SUBMANIFOLDS

K. Matsumoto and the first author [8] studied the Ricci tensor of a C-totally
real submanifold in a Sasakian space form. They estimated the mean curvature
of such submanifolds in terms of the Ricci tensor. Moreover they investigated the
equality case of the inequality.

Denoting by R the maximum of the Ricci curvature of a C-totally real subman-
ifold M™ in a Sasakian space form M?™*+1(c), i.e.,

R(p) = max{Ric(u)lu € T,M" g(u,u) = 1}, pe M",
it follows that )
R < Z{nzHHH2 +(n—1)(c+3)}.
If a Legendrian submanifold M" of a Sasakian space form M 2+l (e) satisfies

identically the equality case, then it is a minimal submanifold.

We want to point-out that the Riemannian invariant R is the Chen invariant
d(n —1) (see [4]).

In this section, we obtain a corresponding inequality to that in Theorem 2.1 for
Legendrian submanifolds in Sasakian space forms, which improves the inequality in
[8]. Moreover, we remark that the equality case of the improved inequality for the
invariant R does not imply the minimality of the Legendrian submanifold.

We shall use the following two Lemmas from [7].

Lemma 3.1. Let fi(x1,29,...,2,) be a function in R™ given by the formula

n n
fl(‘rlax27“‘ 7'7771) =1 Zx] - ijz
= =2

If z1+xz9+ - -+ x, = 2na, we have
n—1

4n

f1($17$23"'7$n)§ ($1+$2++$n)2



An improved Chen-Ricci inequality. 55

The equality sign holds if and only if m T =T9g =+ =T, =a.
n
Lemma 3.2. Let fo(x1,x9,...,2,) be a function in R™ given by the formula
n
f2(17173327 s 7xn) =1 Zx] - .'17%
7j=2

If 1 +x9+ -+ + x, = 4a, we have

1
folwy, o, .. xp) < g(x1+x2+~-+xn)2.

The equality sign holds if and only if 1 =a, xro + -+ + x,, = 3a.

The main result of this section is the following theorem.

Theorem 3.1. Let M" be an n-dimensional Legendrian submanifold in a Sasakian

space form Mn(c) of constant ¢-sectional curvature c. Then, for any unit tangent
vector X to M™, we have

Ric(x) <

(c+3+n|H|?). (3.1)

The equality sign of (3.1) holds identically if and only if either:

(i) M™ is totally geodesic, or

(ii) n = 2 and M? is an H-umbilical Legendrian surface with A\ = 3.
Proof. We fix a point p € M™ and a unit vector X € T,,M™. We choose an orthonor-
mal basis {e; = X,eq,...,e,} C T,M" and

1
{en—l—l = Qe1, ..., = Q€y, €211 = 5} C Tp M".

For j =2,...,n the Gauss equation gives

R(6176j,61,6j) = R(6176j76176j) - g(h(61,61)7h(6j,6j)) + g(h(elvej)vh(elvej))v
or equivalently,
Rer,ej,e1,e5) = R(er,ej,en,e5) — Y (i bl — (hi;)?), Vi€ 2.

r=1

Since the Riemannian curvature tensor R on M" is given by (see (1.1)

~ c+3
we find +3
~ C
R(el,ej,el,ej): 1 . (3.2)

By summing after j = 2, n, we get

(n = D)2 = Rie(x) = Y057 [him, — (87,7




56 Ton Mihai and Ioana N. Radulescu

It follows that

Ric(X) —(n—l)cf’ =Y [hahg; = (h)?]

r=1j=2
<N RLRL =D (h)E =D ()R (3.3)
r=1 j=2 j=2 j=2

Since M™ is a Legendrian submanifold, we have the relations (1.2) and

Rice(X) — (n— 1)< I DSOS, = S-S (34
— j=2

Jj=2

Now we put

f(h117h227”‘7 nn - lz Z 2

7j=2
and

2 _
f?”( 71ﬂ17 527“‘7 nn - 1Zh 11 y VTEQ,n.

Since nH' = hi; + hly + -+ hl,, we obtaln by using Lemma 3.1 that

-1 -1
Fi(bly by by < "y = M) g, (35)
By applying Lemma 3.2 for 2 < r < n, we get
r T r 1 r ’/l2 r n(n — 1) T
fT( 117h227' e ?hnn) < g(nH )2 = g(H )2 < T(H )2‘ (36)

From (3.4), (3.5) and (3.6), we obtain

n

Rie(X) — (n— 1)< 3 <MD 5 gz - 002D e

4 1 4
Thus we have 5 .
Ric(xX) < (n - )2 L 0D gy,

which implies (3.1).
Next we shall study the equality case. For n > 3, we choose ¢e; parallel to H
and we have H" = 0, for » > 2; from Lemma 3.2, we get
hlj:hilzTZO’ V] 22,
and
hir=0, Vjk>2 j+#k
Hl
From Lemma 3.1, we have h}; = (n + 1)a and hjl.j =a, Vj > 2, with a = -
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In (3.3) we computed Ric(X) = Ric(e1). Similarly, by computing Ric(e2) and
using the equality, we get

hi=h%. =0, Vr#2, j#2 r#j

Then we obtain

h3 H?
n—rl:hSQZ”':h%HZTZO‘
The argument is also true for matrices ( ;k) because the equality holds for all unit

i
tangent vectors; so, hgj = hy = 5 = 0, Vj > 3.

The matrix (h?k) (respectively the matrix (h;k)) has only two possible nonzero
H! H!
entries h?, = h3; = hl, = - (respectively A7, = hl; = hl, = - Vr > 3). Now,

by the Gauss equation we obtain

- HI\?
R(62,6j762,6j) == R(62,6j762,6j) - (7) ) \V/] Z 3.

Similarly we get

~ Hl 2 Hl 2
R(62761762761) - R(62761,62,61) — (n+ 1) <7> + <_> .

After combining the last two relations, we find

CZS —2(n—1) (%)2

On the other hand, the equality case of (3.1) implies that

Ric(es) — (n — 1)

C nn — 1 2
Ric(es) — (n - )T = "=y o) (%) |

Since n # 1,2, by equating the last 2 equations we find H' = 0. Thus, (h;k) are all

zero, i.e., M™ is a totally geodesic submanifold in M ntl(e).
Now, let us assume that n = 2. If M? is not totally geodesic, one has

h(ei,e1) = Xes, h(ea,ea) = pes, h(ei,e2) = pey,
with A = 3u = %, i.e., M is H-umbilical. g

Finally, we shall give an example of a Legendrian submanifold which admits a
vector field satisfying the equality case of (3.1).

Let S2 be the 3-dimensional sphere and X;, X» and X3 the vector fields which
parallelize S2. We consider the Riemannian metric g; on S® defined by:

1
g1(X1,X1) = g1(X2, Xp) = 591(X3,X3) = 3;

91(X;,X;) =0, foralll1<iz#j<3.
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1
An orthonormal frame is Fy = ?Xl, By, = ?X27 E3 = §X3. A straighfor-

2
ward computation gives Ric(FEy) = Ric(Fy) = —3 Ric(Es) = 2.

It is known (see [5]) that S admits a non-totally geodesic minimal Legendrian
immersion in S7.
Clearly Ej satisfies the equality case of the inequality (3.1).
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