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DUALITY OF MULTITIME VECTOR INTEGRAL
PROGRAMMING WITH QUASIINVEXITY

STEFAN MITITELU, VASILE PREDA AND MIHAI POSTOLACHE

ABSTRACT. We consider a multitime vector variational problem (VVP) and a
multitime vector fractional variational problem (VFP). In their recently published
work [Balkan J. Geom. Appl., 16(2011), No. 2, 90-101], Mititelu and Postolache
established necessary efficiency conditions for the two problems. By means of
these conditions and using the framework of (p, b)-quasiinvexity, in this work we
introduce duality conditions of Mond-Weir-Zalmai type for the fractional problem
(VFP) through weak, direct and converse duality theorems. Our approach allows
us to obtain some duality conditions for (VVP) as special cases in this theory.

1. INTRODUCTION

Beginning with the research of Valentine [23], published in 1937, during the
years, the variational problem with constraints known different steps in its devel-
opment. In time, several authors have been interested in the study of (sufficient)
efficiency conditions and duality for fractional vector programs in connection with
generalized convexity. To quote some sources, see [6] by Jeyakumar and Mond, [7]
by Khan and Hanson, [8] by Liang et al., [10] by Mititelu, [15] and [16] by Pitea et
al., [19] by Reddy and Mukherjee, [20] by Singh and Hanson.

In 2007 Mititelu and Stancu-Minasian [12] considered the following vector (or
multiobjective) fractional variational problem:

Maximize

e, T
(MSP) / ki (t,z, @)dt / ke (t, , &) dt

a

b b
/ ot 3, )t / £ (s, &)dt
ab a

subject to z(a) = ag, z(b) = by,
g(t,z,x) =0, h(t,x,2) =0, Vt € I,
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where I = [a, b] is interval, z = (x1,...,2,): I — R™ is piecewise smooth function on
dz
I'with & = = its derivative, fi, ki, fy kyp: IXR'XR" = R, g: IXR'xR" — R™

and h: I x R"® x R” — RY are functions of C?-class.

Mititelu [9], Mititelu and Stancu-Minasian [12] established necessary efficiency
(Pareto minimum) conditions for problem (MSP). Using generalized quasiinvex func-
tions, they also developed a dual program theory stating weak, direct and converse
duality theorems [12].

In 2006, Udriste [21] studied a control variational problem within multitime
framework, establishing some optimality conditions, that is he introduced a multi-
time maximum principle for this kind of problems. Meanwhile, Udrigte and Tevy [22]
established the multitime principle of maximum for a multitime variational prob-
lem. In 2009 Pitea, Udriste and Mititelu [15], [16] considered the multitime vector
variant of the problem (MSP) in geometrical language. Using curvilinear integrals
they established necessary efficiency conditions and developed a duality theory for
this problem. Recently, Mititelu and Postolache [11] studied the same objectives for
multitime vector fractional and nonfractional variational problems on Riemannian
manifolds, but using multiple integrals on a measurable set ). For a survey of re-
cent developments in multiobjective optimization, we address the reader to [1], by
Chinchuluun and Pardalos.

It is our purpose in the present paper to introduce necessary efficiency conditions
for multitime vector fractional and nonfractional variational problems involving also
multiple integrals on a measurable set 2, but in the space R™. For these problems
we develop some duality results through weak, direct and converse theorems.

Consider a measurable set {2 in R and the functions

2: Q= R, X:QxR"xR"™ R,
F=(f): QxR XR™ 5 RP, k= (k): Qx R" x R"™ — RP,
9= (9a): AXR* xR" = R™,  h=(hg): QA xR" xR"™ — R,

where m,q e N*, r =1,n,a =1,m and 8 =1,q.
the current element of Q and by = = (2!,...,

x
The arguments of X, f, k, go, hg are (¢, xv)
z=a(t) = (z'(t),....a"(1)

Denote by t = (t!,...,t™) = (t%)
= (zF) the current element of R™.

(¢, 2(t), 74(t)), where
(@*(1), teQ

I jQ

and

Oz S
Ty = z4(t) = %(t), y=1,m

is the first derivative of = z(t). We suppose that X, f, k, ga, hg € C%().
In this paper, Euler-Lagrange equations of the form

OX 0 (oX) _ _ 0 (OX\N_, ._1m
oxk  otr \ dxh otm \oxk, ) 7 -
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are shortly written as

0X 0 [0X
o2k o <8m§> -0 -y
k
where we denoted zF = ai and
v oty

0 (0X\ 9°X 0?°X 02 0?°X oxt
e <ax§> = 9002k T 02102k 00 | 0al0ak ot
X PX o | PX P

T 9002k T 02702k 00 | 020k 0000

In the following, we use the Euler-Ostrogradsky equations with the vector form

given by (1.1), namely
0X 0 <8X>
L2 ()2
0z~

ox Ot
We define the set ® = {x: Q@ — M |z is piecewise smooth on 2}, where € is a
n

normed space with [|z|| = ||z||c + Z 112" oo -
k=1
Throughout the paper, for two vectors v = (vq,...,v,) and w = (wy,...,wy,)
the relations of the form v = w, v < w, v=w, v < w are defined as follows

v=wsSv=w, t=1,n v<wsSv <w, t=1n;

vSEws v Sw, i=1,n v<w<s v wand v#w.

Important note. To simplify the presentation of this work, in our subsequent
theory, we shall set

ma(t) = (ta(t), a4 (),  mpo(t) = (,2°(t),25(t),  my(t) = (t,y(t), yy(t))-

On X, consider the functionals

Fr(a:):/QfT(wx(t))dv, Kr(x):/gkr(ﬂx(t))dv, r=1,p,

and assume K,.(z) #0, r=1,p.
In this paper, we establish various conditions of Mond-Weir duality type for the
following multitime vector fractional variational problem:

ximize h (x) Fp(x)

M <Kl<x>""’f<p<x>>
subject to go(m:(t)) = 0, hﬁ(ﬂ-m(t)) =0,
l’(t)’ag = u(t) (given), vVt € Q,

(VFP)

where the fractions are well defined and dv = dt1dts - - - dt,,.
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In particular, there are obtained duality conditions for the following multitime
vector nonfractional variational problem

Maximize I[x] = /Qf(wm(t))dv

subject to go(m4(t)) =0, hg(m(t)) =0,
x}ag =u(t),Vt € Q,

(VVP)

The two problems, stated above, have the same domain

D ={z € ®|ga(ms(t)) =0, hg(my(t)) £0, x‘(‘m =u(t), Vt € Q}.

2. NECESSARY EFFICIENCY CONDITIONS
FOR PROBLEMS (VVP) AND (VFP)

In their joint paper [11], Mititelu and Postolache established necessary effi-
ciency conditions in the geometric framework of a Riemannian manifold for prob-
lems (VVP) and (VFP). In what follows, we shall present these conditions adapted
to the study in the real space R"™.

A. Efficiency for multitime vector variational problem (VVP). The vector
functional

Ix] = =(t))dv,
ol = | et
can be written componentwise as

I[z] = (Fi(z),..., Fy(x)).

Definition 2.1 ([3]). A point z* € D is said to be efficient solution (Pareto mini-
mum) to (VVP) if there exist no x € D such that I[x] < I[z*].

Now, according to [11], in the R™ case we have the following necessary efficiency
conditions for (VVP).

Theorem 2.1 (Necessary efficiency for (VVP)). Consider the vector multitime vari-
ational problem (VVP) and let x = x(t) € D be an efficiency solution to (VVP).
Then there are vector functions T € RP, A\(t) € R™ and u(t) € RY, all being piecewise
smooth functions, which satisfy the conditions

raf’r‘

09a oh
T ok ﬁ(t) -

+ A (t)wﬁ‘ﬂ W
o (01
(VEJ) "o\ au

1P (O)hs (., (1) = 0
= (") 20, (WP(t) =0, teQ, y=T,m, k=1,n.

99a
+ ’\a(t)a_f;k + uﬁ(t)—> =0,
ol

(no summation), 5 =1,q,
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Definition 2.2 ([9]). The efficient solution 2° € D is called normal efficient solution
to (VVP) if conditions (VFJ) are satisfied with

>0, er=1, e=(1,...,1) €RP,
where ’ is the transposition sign.

B. Efficiency for multitime vector fractional variational problem (VFP).
In this section, we present the necessary efficiency conditions for (VEP) established
n [11], also adaptated to the study in R™. Remark that the definition of efficient
solution for (VFP) is similar Definition 2.1.

Theorem 2.2 (Necessary efficiency for (VFP)). Let x = z(t) € D be a normal
efficient solution to problem (VFP). Then there exist vector T = (177) €RP, piecewise
smooth functions A = (A\*(t)) € RV and u = (1P (t)) € R that satisfy the conditions

(o of, Ok ] 90 | 5, Ohg
|l - RG] o o g
a T af’l” akr o aga 3h5
(MFJ) o0 {7’ |:KT(CL’) ok — F(x) (9:1:’;} +A (t)a—ws + Iuﬁ(t)a_xg =0,

1P (t)hg(m:(t)) = 0 no summation, 3= T,q,
(720, T=1, (W) 20,t€Q, y=Tm, k=

1, n.

The definition of normal efficient solution for (VFP) is similar Definition 2.2.
Let p be a real number, and b: ® x & — [0,00) a nonnegative functional. On
®, consider the functional

V(z) = /Q X (0 (#))do.

Definition 2.3 ([21]). The functional X is said to be (strictly) (p, b)-quasiinver at
2V if there exist vector functions n(t) = (n1(t),...,n.(t)) € R™ of Cl-class with
77(15)}8Q =0 and f(x,2°) € R" such that for any z (x # x0),

X(z) £ X(2°) =

b2%) [ {0 + GG (1)} ol <) < b )l )

We underline that the notion of quasiinvexity is used in an appropriate form
in a recent work by Nahak and Mohapatra [14] for a study of some multiobjective
programming problems.

Having in mind the background, introduced above, now we can state and prove
our results on duality [13], [22].
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3. MOND-WEIR-ZALMAI TYPE DUALITY FOR (VFP)

Relative to (VFP), we consider the next multitime vector fractional variational
dual problem

. Fi(y) ()
Maximize <K1 W) Kp(y)>

. of, Ok o Oga oh
subject to 7" [m@)a—; - R (y) axk} ()X 2
(ZMFD) 0 of ok 9 oh
_ r ro T o o B B8 _
o <T [K’"(””)amg b '"(””)amg] TN g T (t)aml;> "

X (B)galmy (1)) + 1P (O)ha(my(£) 20, i =Tp, a=T,m, f=T,q,
T=() 20, €T =1, (1P(t)) 20, y € D, y(t)| o, = ult), t € Q.
Denote by w(x) the value of problem (VFP) at x € D and be d(y, A, n,v) the

value of the dual (ZMFD) at (y, \,n,v) € A, where A is the domain of (ZMFD). In
what follows we develop a duality theory between (VFP) and (ZMFD).

Theorem 3.1 (Weak duality). Let x and (y, T, A, u) be feasible points of problems
(VEP) and (ZMFD), respectively. Assume that there are satisfied the next condi-
tions:

a) for each r = 1,p we have F,.(x) > 0, K.(x) >0, Vz € X;
b) for each r = 1,p, F.(x) is (p.,b)-quasiinvex at y and —K,(x) is (pl,b)-
quasitnvez at y, all in respect to n and 6;

c) / A (t)ga (72 (t))dv is (p",b)-quasiinvex at y with respect to n and 6;
Q

d) / 1P () hg (. (t))dv is monotonic (p*, b)-quasiinver at y with respect ton and
Q
e) one of the functions of b) and c) is strictly (p,b)-quasiinvezr at y with respect
ton and 0;
£) 770 K (y) + prFr(y)] + o + p* 2 0.
Then w(x) < §(y, T, A\, p) is false.
Proof. From the first assumption of b), it follows

Fr(z) = Fry) =

of O Of\ . - ) (3.1)

while from the second assumption, we get
—K,(z) = -K,(y) =

oy DO O\ /” 2
b(l’,y)/g{ ™ok~ o ay’;}dv_ prble,y) | 10(z, y)I°

(3.2)
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Multiplying relation (3.1) by K,(y) > 0 and (3.2) by F,.(y) > 0, and summing
the obtained implications side by side we get

FT(:p)K K. (z)F.(y) £0=
8fr 8k'r' anl{; afr akr
s - (?J) prEr ()]b(, y)[10(2, ) ||
Multiplying (3. ) by 77, r = 1,p (t > 0) and by summing over r = 1,p, we
obtain

' [Fr(2) K (y) — K (2)Fr(y)] £0 =
b
b(x,y)/ {nm’"[Kr(y)gJZ—Fr(y)gskb% T[K( )gf —F(y )gkk]}d (3.4)

< —b(, )10, )P 7" [0 K (y) + o7 Fr(y)]-

From c) and d) respectively we have

/ X (E)ga (o (£))dv < / X (£)ga (my (£)) dv =
Q

o) f o [0 GE] + G e | v <o aior Y
and
| i Ohatma®)io < [ 1Ot )0 = .

) [ (ot O52] + G 152 oo < = lor?

Summing now side by side the double implications (3.4), (3.5) and (3.6), and
taking into account e) it follows

T (2) K (y) — K (2) Fr (y)] + /Q[/\O‘(t)ga(m(t)) + 17 (Ohs (e (1))l dv

— [ P Oalm(0) + 1 sy OV < 0
b(z,y) /Q{nk {TT[Kr(y)g—ZJ;; — Fi(y) gs;] + A“(t)’g—z;’; + ,uﬂ(t)g—};i} (3.7)

o, Oy o O] a0 a0 O
I U St  RR RO SRl 32

< =b(z, )0z, ) |P{" [0 K (y) + ) Er(y)] + p" + p*}.
From the second implication of (3.7), we obtain b(x,y) > 0.
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Then the second implication of (3.7) shortly, becomes

8_V 87]5 oV _ Q¢ rr t /1 /1 4
/Q {”Says + o 3?1%} dt < —0(x, )| {7" [0r Kr(y) + pr Fr(y)] + 0" + 07}, (3.8)

with
V = 7K (y) fr(my () = Fr()kr (my (8))] + X () ga (my (1)) + 1 (£ (my (1)).
For each index j, we have
omov._ 0 ( OVN__ 0 (0V
ot oyk — o \"ayk ) Mo \ayk )

and, by integration, we obtain

%ﬂdv_/i o dv_/ O (VN
0 0t; oyt T Jg o oy o "o \ayk )

Using the gradient formula, we get

B oV VY. .
/Q% (“@) do = /m (“@) Alt)do =0,

where 7i(t) is unit vector to surface 92 at the current point, and 7 (t)’ o0 = 0.
Then relation (3.8) becomes

ov._ 9 (V. B .y ., S
/977'“ [ay’f oty <ay§>} dv < —[|0(z, )" [0, K (y) + o7 ()] + 0" + 0"}
(3.9)

Taking into account the first constraint of problem (ZMFD), we have
ov o (oV
N G (N
ayk  otr \ oyt
and relation (3.9) becomes

0 < —[0(z, v)|IP{7" o K1 (y) + pLEy ()] + 0" + p*}.

According to hypothesis f), this inequality becomes 0 < 0 which is false. Then,
from (3.7) is true the next relation

PF) K (1) = Ko @Fr )]+ [ [ Ouma0) + 1 OO 0

~ [ ¥ Oamy (00) + 1 (€13 ()0 > 0,
Taking into account relations (3.5) and (3.6), from (3.10) it follows
TT[FT'(:E)KT'(y) - Kr(x)Fr(y)] > 07
that contradicts relation (3.3). Therefore, w(z) < d(y, 7, A\, p) is false. O
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Theorem 3.2 (Direct duality). Let 20 be a normal efficient solution of primal
(VEP) and suppose satisfied the hypotheses of Theorem 3.1. Then there are scalar
79 € RP and the piecewise smooth functions \°: Q — R™ and p°: Q — R? such that
(20,70, X0, 1u0) is an efficient solution to dual (ZMFD) and w(2°) = §(2, 79, A%, u0).

Proof. Since z° is a normal efficient solution to problem (VFP), according to The-

orem 2.2 there are vector 7° = (77)° € RP and the piecewise smooth functions
A= (A2 Q = R™ and pu® = (1#)°: Q — RY that satisfy relations (MFJ). We
get 1P (t)hg(my0(t)) = 0, B =T,q. Also (AY)°(t)'ga(m,0(t)) = 0 is true for all 7 and
a. It follows that (2%, 7%, X%, 1) € A and w(2%)=6(z 7%, A, u0). O

Theorem 3.3 (Converse duality). Let (20,79 A%, %) be an efficient solution of dual
(MVFED) and suppose satisfied the following conditions:
i) T is a normal efficient solution of primal (VFP);
ii) the hypotheses of Theorem 3.1 are satisfied for (y,7,\, u) = (x°, 79, X%, u0).
Then & = 2° and moreover, w(x®) = §(x°, 7%, X2, u0).

Proof. On the contrary, suppose that Z # 2° and we shall obtain a contradiction. Be-
cause 7 is a normal efficient solution to (VFP) then, according to Theorem 2.2 there
are vector 7 € RP and vector functions A = (A%): Q@ — R™ and i = (i®): Q — RY
that satisfy conditions (MFJ). We obtain

A (t)ga (2 (1)) + 1’ (Dhs(ma(t)) = 0

and so, (Z,7,\, i) € A. Moreover, @(Z) = §(Z,7,\, Ji). According to Theorem 3.1
relation @(z) < (2%, 70, A%, 1u0) is false. It results that the relation

0z, 7, A 1) < 020, 7% A% %),
is false. Therefore, the maximal eﬂiciency of (2% 70, A0, %) is contradicted Then,

it gets that the supposition z # 20, above made, is false. It follows Z = 2" and also
7=7% A=)\ = u°. Finally, we obtain w(x )— §(x0, 70 X0, u0). O

Corollary 3.1 (Weak duality). Let z € D and (y, 7, A\, u) € A be feasible points of
problems (VFP) and (ZMFD). Assume that are satisfied the conditions:

a) for cach v = T.p, integral [ [K,(5)f,(m2(0)) — Fy(w)n(ma (o is (5, )-
Q
quasiinvex at y with respect to n and 0;
b) / A% () g (72 (1)) 4 1P (#) g (0 ()] dv is (p, b)-quasiinver at y with respect to
Q

n and 0;

c) one of the functions of a)-b) is strictly (p,b)-quasiinvex at y with respect to
n and 0;

d) 7"p. +p 2 0.

Then w(x) < §(y, T, A\, p) is false.

Corollary 3.2 (Direct duality). Let z° be a normal efficient solution of the primal
(VFP) and suppose satisfied the hypotheses of Theorem 3.1. Then there are vector
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™ € RP and the piecewise smooth functions X0 = (A*)°: Q — R™ and p° =
(u®)?: Q — RY such that (z°,7°,\°, %) is an efficient solution of the dual (ZMFD)
and w(x®) = §(x°, 79, X0, u0).

Corollary 3.3 (Converse duality). Let (2%, 7%, A% 11%) € A be a efficient solution to
the dual and (ZMFD) and assume satisfied the next conditions:
i) Z is a normal efficient solution of the primal (VFP);
ii) the hypotheses of Theorem 3.1 are satisfied with (y, 7, \, ) = (x°,7°, X0, u0).
Then # = 2° and w(2°) = 6(z%, 79, \°, ).

The theory in this section allows to consider some special cases of interest. These
ones make the object of the following two sections.

4. CASE STUDY 1: MOND-WEIR DUALITY

In this section, we consider K,.(x) = 1, r = 1,p. Problem (VFP) becomes
(VVP), and (ZMFD) becomes the following multitime vector variational problem :

( Maximize / f(my(t))dv = (F1(y), ..., Fp(y))
Q

. rafr « 99a B ahﬂ
subject to T yF +A (t)ayk + 47 (t) o
(MWD) o ([ ;0f dg oh
S (e R N TC ) AR 1 Sude= A I
5 <T oyt + \*(t) oyt + p7(t) 8y,’§> 0

A1) g (my (1)) + 1P (£)hp(my(t)) = 0 [no summation]
(7 >0, €7 =1, y(t)|,, =u), t e

The domain of (VVP) is D and denote by A’ the domain of (MWD). Denote
by w(x) the value of problem (VVP) at z € D and be d(y, 7, A, ) the value of the
dual (MWD) at (y,7,\, u) € A

There exist the following duality theorems of Mond-Weir type between problems
(VVP) and (MWD).

Theorem 4.1 (Weak duality). Let x € D and (y,7,\, ) € A be feasible points of
the problems (VVP) and (MWD) respectively. Assume the conditions hold:

a) for each r = 1,p, the integral | f(m.(t))dv is (p;,b)-quasiinver at x = y
with respect ton and 0; .

b) / A (1) ga (72 (t))dv [no summation] is (pll,b)-quasiinvex at y with respect to
n and 9;Q

¢) | pPt)hg(me(t))dv [no summation] is monotonic (P4, b)-quasiinvezr at y

Q
with respect tom and 6;
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d) one of the functions of a)-c) is strictly (p,b)-quasiinvex at y with respect to
n and 0;

m q
) T+ > pat+ > pE 20
f=1

a=1

Then w(x) < d(y, T, A\, p) is false.

Theorem 4.2 (Direct duality). Let 2° be a normal efficient solution of the pri-
mal (VVP) and suppose satisfied the hypotheses of Theorem 4.1. Then there are
™ € RP and the piecewise smooth functions \°: Q — R™ and p: Q@ — R? such
that (20,79, A9, %) is an efficient solution of the dual problem (MWD). Moreover,
w(z?) = 6(2, 79, A0, u?).

Theorem 4.3 (Converse duality). Let (2%, 7%, A\, %) be an efficient solution of the
dual (MWD) and suppose satisfied the following conditions:
i) z is a normal efficient solution of the primal (VVP);
ii) the hypotheses of Theorem 4.1 are satisfied for (y,7, A\, p) = (2%, 79, A0, u).
Then & = 2° and w(2°) = 6(z%, 70, A%, u).

As we expected, Theorems 4.1-4.3 are particular cases of Theorems 3.1-3.3.

Corollary 4.1 (Weak duality). Let = and (y, 7, A\, p) be feasible points of problems
(VVP) and (MWD). Assume that are satisfied the conditions:

a) for each r = 1,p, the integral / fr(mz(t))dv is (pl.,b)-quasiinver at y with
Q
respect ton and 0;

b) / A% (1) ga (7 () 4 1P () hg (m2 ()] dv s (p, b)-quasiinver at y with respect to
Q
n and 0;

¢) one of the functions of a)-b) is strictly quasiinver at y with respect to n and
0;

d) 7o +p 2 0.

Then w(x) < §(y, A, u,v) is false.

Corollary 4.2 (Direct duality). Let 2° be a normal efficient solution of primal
(VVP) and suppose satisfied the hypotheses stated in Corollary 4.1. There are
vector 70 € RP and the piecewise smooth functions \° = (A*)?: Q — R™™ and
0 = (1P)°: Q@ = RI such that (29,79, 2%, u0) is an efficient solution of the dual
(MWD). Moreover, w(x) = §(z°, 7%, X%, u0).

Corollary 4.3 (Converse duality). Let (2%, 79 A%, u®) be an efficient solution to the
dual (MWD) and suppose satisfied the following conditions:
i) Z is a normal efficient solution of primal (VP);
ii) the hypotheses of Corollary 4.1 are satisfied for (y, 7, \, i) = (x°,7°, X0, u0).
Then & = 2° and w(z) = 6(2°,7°, A9, ).

Corollaries 4.1-4.3 are particular cases of Corollaries 3.1-3.3.
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5. CASE STUDY 2: WOLFE DUALITY

Dual problem of Wolfe type, associated to (VVP) is the next multitime vector
variational problem of maximum

( Maximize /Q{f(ﬂy@))+¢Aa(®ga(ﬂyﬁ))+—u5@7hﬁ(ﬂy@)ﬂe}dv

: rafT' o 8ga ahﬂ
(WD) subject to T " —g)\ (t )gfk +uP(t )aay o
v T o gOé 5 _,B —
9 <T RNk S (t)ay;f) 0

pBt) >0, vteQ, k=T,n, j=1,m, 87':]_.

Corollary 5.1 (Weak duality). Let = and (y, T, A\, p) be feasible points of problems
(VVP) and (WD). Assume that are satisfied the conditions:

a) for each r = 1,p, the integral / fr(mz(t))dv is (pl.,b)-quasiinver at y with
Q
respect ton and 0;
b) / A% (1) ga (12 () 4+ 1P () hg (m2 ()] dv s (p, b)-quasiinver at y with respect to
Q

n and 0;

¢) one of the functions of a)-b) is strictly quasiinver at y with respect to n and
0;

d) 7o +p 2 0.

Then w(x) < d(y, T, A\, p) is false.

Corollary 5.2 (Direct duality). Let 2° be a normal efficient solution of primal
(VVP) and suppose satisfied the hypotheses stated in Corollary 5.1. Then there are
vector 70 € RP and the piecewise smooth functions \° = (A*)?: Q — R™™ and
p = ()0: Q — RY such that (x°,7°, X0, 1u0) is an efficient solution of dual (WD)
and moreover, w(z") = (20,70, \°, u%).

Corollary 5.3 (Converse duality). Let (z°,7°, A\, %) be an efficient solution to the
dual (DWP) and suppose satisfied the following conditions:
i) T is a normal efficient solution of the primal (VP);
ii) the hypotheses of Corollary 4.1 are satisﬁed for (y, 7, A\, 1) = (20,79 20, u0).
Then & = x° and moreover, w(z) = §(z°, 7%, X0, u0).

As we easily can see, Corollaries 5.1-5.3, stated above, are particular cases of
Corollaries 4.1-4.3.

6. CONCLUSION

In this paper, we considered a study of a multitime vector (or multiobjective)
variational problem (VVP) and a multitime vector fractional variational problem
(VFP). For the two vector variational problems, Mititelu and Postolache established
necessary efficiency conditions in their joint research work [11]. It was the aim of
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the present paper to utilize these conditions, in order to establish new duality con-
ditions of Mond-Weir-Zalmai type for the fractional problem (VFP) through weak,
direct and converse duality theorems. As particular cases, we obtained some duality
conditions for (VVP). The notion of (p, b)-quasiinvexity was the main ingredient in
the development of our theory.

The present study, was motivated by the wide class of applications of fractional
programming arising form applied areas including engineering design, game theory,
stock cutting, portfolio selection, decision problems in management. For a review
on theory and applications of multiobjective programming, we address the reader
to the monograph by Jahn, [5].
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