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NONCONVEX WIENER-HOPF EQUATIONS
AND VARIATIONAL INEQUALITIES

MUHAMMAD ASLAM NOOR

ABSTRACT. We consider the problem of solving the nonconvex Wiener-Hopf equa-
tions on the prox-regular sets. Using the projection technique, we show that the
nonconvex Wiener-Hopf equations are equivalent to the strongly nonlinear non-
convex variational inequalities. This equivalence is used to suggest several itera-
tive methods for solving the strongly nonlinear nonconvex variational inequalities.
We also discuss the convergence of these new iterative methods under suitable
conditions. Several special cases are also considered.

1. INTRODUCTION

Variational inequalities theory, the origin of which can be traced back to Stam-
pacchia [34], provides us with a simple, natural, general and unified framework to
study a wide class of problems arising in pure and applied sciences. Variational
inequalities have been generalized and extended in several direction to tack differ-
ent problems. Noor [8], [9] introduced and studied a class of variational inequal-
ities involving two different operator, which is known as strongly nonlinear varia-
tional inequality. For the applications, formulation, applications and other aspects of
strongly nonlinear variational inequalities, see [8]-[11] and the references e therein.
These classes of variational inequalities are being studied and investigated in the
setting of classical convexity. The main reason of this fact is that one can use the
projection technique for establishing the equivalence between the fixed point prob-
lems and the variational inequalities. We note that in many important applications
of the variational inequalities, the under lying set may not be convex one. This
fact has motivated Noor [21] and Bounkhel et al [1] to investigate these variational
inequalities for the prox-regular sets, which are nonconvex set. Noor [21]-[29] has
shown that one can establish the equivalence between the fixed-point problem and
variational inequalities under some suitable conditions. This alternative equivalence
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is being used to explore the new and novel applications of the variational inequal-
ities in different branches of pure and applied sciences. Noor [26] has considered
the strongly nonlinear variational inequalities involving two different operators in
the setting of nonconvex sets (prox-regular). It has been shown that strongly non-
linear nonconvex variational inequalities are equivalent to the fixed point problems.
This equivalence has been used to discuss the existence of a solution of the strongly
nonlinear nonconvex variational inequalities as well as the iterative methods, see
[1]-[34].

In this paper, we first introduce a new class of Wiener-Hopf equations involving
the projection of the real Hilbert space on the nonconvex set. Using the projec-
tion results of Noor [26], we show that the solving the strongly nonlinear nonconvex
variational inequalities are equivalent to the Wiener-Hopf equations. This approach
is more flexible and can be used to suggest some iterative methods for solving the
strongly nonlinear nonconvex variational inequalities. This paper may be viewed as
the continuation of Noor [26]. Some special cases are also discussed. Results ob-
tained in this paper can be viewed as refinement and improvement of the previously
known results for the variational inequalities and related optimization problems.

2. PRELIMINARIES

Let H be a real Hilbert space whose inner product and norm are denoted by
(-,-) and || - || respectively. Let K be a nonempty and convex set in H. We, first
of all, recall the following well-known concepts from nonlinear convex analysis and
nonsmooth analysis [2], [32].

Definition 2.1. The proximal normal cone of K at u € H is given by
NE(u) :={¢€ € H : u € Pxlu+ af]},
where o > 0 is a constant and
Prlu] = {u* € K : dx(u) = ||lu — u*||}.
Here dg(.) is the usual distance function to the subset K, that is

d = inf |jv —u||.
(w) = inf flo—u]
The proximal normal cone N (u) has the following characterization.

Lemma 2.1. Let K be a nonempty, closed and convex subset in H. Then ( € N};(u),
if and only if, there exists a constant o > 0 such that

(C,v—u) <alv—ul? YveK.

Poliquin et al. [32] and Clarke et al [2] have introduced and studied a new class of
nonconvex sets, which are called uniformly prox-regular sets. This class of uniformly
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prox-regular sets has played an important part in many nonconvex applications such
as optimization, dynamic systems and differential inclusions.

Definition 2.2. For a given r € (0,00], a subset K, is said to be normalized
uniformly r-prox-regular if and only if every nonzero proximal normal to K, can be
realized by an r-ball, that is, Vu € K, and 0 # £ € N}; (u), one has

(©)/NEll, v —u) < (1/2r)llv —ul?, Vv e K.

It is clear that the class of normalized uniformly prox-regular sets is sufficiently
large to include the class of convex sets, p-convex sets, C''! submanifolds (possibly
with boundary) of H, the images under a C'! diffeomorphism of convex sets and
many other nonconvex sets; see [2], [32]. It is clear that if » = oo, then uniformly
prox-regularity of K. is equivalent to the convexity of K. For the sake of simplicity,

1
we take v = ot Clearly if r = oo, then v = 0.

For given nonlinear operators T', A, we consider the problem of finding v € K,
such that

(Tu,v —u) + pllv —ul|* > (A(u),v —u), Yove K, (2.1)

which is called the strongly nonlinear nonconvexr variational inequality, introduced
and studied in Noor [26]. Here p is a positive parameter and can be regarded as the
regularization factor.

We note that, if K, = K, the convex set in H, then problem (2.1) is equivalent
to finding u € K such that

(Tu,v —u) > (A(u),v — u), Vv e K. (2.2)

Inequality of type (2.2) is called the strongly nonlinear variational inequality, which
was introduced and studied by Noor [5]-[8] For the applications, numerical meth-
ods and other aspects of the strongly nonlinear variational inequalities and related
optimization problems, see [5]- [30].

If A(u) =0, then problem (2.1) is equivalent to finding u € K, such that

(Tu,v —u) + pllv—ul]* >0, YoveK, (2.3)

which is called the nonconvex variational inequality introduced and studied by Noor
[21] - [28]. We would like to mention that problem (2.3) is correct formulation of the
nonconvex variational inequality and its variant form considered in Noor [21] - [28].
All the results obtained in these papers continue to hold for this problem with
suitable modification.

We note that, if K, = K, the convex set in H, then problem (2.3) is equivalent
to finding v € K such that

(Tu,v —u) >0, Yv e K. (2.4)
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Problem (2.4) is known as the classical variational inequality, which was introduced
and studied by Stampacchia [34]. It turned out that a number of unrelated obstacle,
free, moving, unilateral and equilibrium problems arising in various branches of pure
and applied sciences can be studied via variational inequalities, see [1]-[34] and the
references therein.

If K, is a nonconvex (uniformly prox-regular) set, then problem (2.1) is equiv-
alent to finding u € K, such that

0€Tu— A(u) + N};T (u), (2.5)

where N II; (u) denotes the normal cone of K, at u in the sense of nonconvex analysis.
Problem (2.5) is called the nonconvex variational inclusion problem associated with
nonconvex variational inequality (2.1). This implies that the variational inequality
(2.1) is equivalent to finding a zero of the sum of two monotone operators (2.5).
This equivalent formulation plays a crucial and basic part in this paper. We would
like to point out this equivalent formulation allows us to use the projection operator
technique for solving the strongly nonlinear nonconvex variational inequality (2.1).

We now recall the well known proposition which summarizes some important
properties of the uniform prox-regular sets, see [32].

Lemma 2.2. Let K be a nonempty closed subset of H, r € (0,00] and set K, =
{u e H :dg(u) <r}. If K, is uniformly proz-regular, then:
i) Yu € K, Pk, (u) # Q;

’ T
ii) Vr € (0,r), Pk, is Lipschitz continuous with constant & 7 on K .
r—r

Definition 2.3. An operator T : H — H is said to be:
i) strongly monotone, if and only if, there exists a constant o > 0 such that
(Tu —Tv,u—v) > allu—v||?>, Yu,ve H;
ii) Lipschitz continuous, if and only if, there exists a constant 5 > 0 such that

|| Tu —Tv|| < Bllu—v||, VYu,veH.

3. MAIN RESULTS

We now consider the problem of solving the nonconvex Wiener-Hopf equations.
To be more precise, let Pk, be the projection of H onto the nonconvex set K, and
Qk, = I — Pg,, where I is the identity operator. For given nonlinear operators,
consider the problem of finding z € H such that

TPg,.z+ p_lQK,,z = A(PKTZ), (31)

which is called the strongly nonlinear nonconvex Wiener-Hopf equation. Note, for
K, = K, the convex set, then the nonconvex Wiener-Hopf equation is exactly the
same as considered by Noor [16]. For some special value of the operators T, A,
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one can obtain the original Wiener-Hopf equations, considered by Shi [33]. For the
applications of the Wiener-Hopf equations, see [12]-[30] and the references therein.

We now show that the nonconvex Wiener-Hopf equations are equivalent to the
strongly nonlinear nonconvex variational inequalities. For this purpose, we nee the
following result, which is mainly due to Noor [26].

Lemma 3.1. u € K, is a solution of the strongly nonlinear nonconver variational
inequality (2.1) if and only if u € K, satisfies the relation

u= Pk, [u—pTu+ pA(u)],
where Pk, is the projection of H onto the uniformly prox-reqular set K,.

Lemma 3.1 implies that the strongly nonlinear nonconvex variational inequality
(2.1) is equivalent to the fixed point problem (3.1). This alternative equivalent
formulation is very useful from the numerical and theoretical point of views. Noor
has used this equivalent formulation to discuss the existence of a solution of (2.1)
and to suggest some iterative methods for solving strongly nonlinear nonconvex
variational inequality (2.1).

We now use Lemma 3.1 to establish the equivalence between problems (2.1) and
(3.1) and this is the main motivation of our nest result.

Lemma 3.2. The nonconvexr Wiener-Hopf equation (3.1) has a solution z € H, if
and only if, the strongly nonlinear nonconver variational inequality (2.1) has solution
u € K,., provided

u = Pg.z

T

z = u—p(Tu— Au)), (3.2)
where Pk, is the projection of H onto the closed nonconver set K,.
Proof. Let u € K, be a solution of (2.1). Then, form Lemma 3.1, we have

u= Pg, [u—p(Tu— A(u)].

Let

z=u— p(Tu— A(u)). (3.3)
Then

u= Pk, z. (3.4)
Then, from (3.3) and (3.4), we have
z = P,z — pTPg,z+ pA(Pk, 2),

This shows that z € H is a solution of (3.1) and the converse is also true. O
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I. The nonconvex Wiener-Hopf equations (3.1) can be written as
Qk,z = —pT Pg,z + pA(Px_,2),
which implies that, using (3.2)
2= P,z — pTPg,z+ pA(Pk,z) = u— pTu+ pA(u).
This fixed point formulation enables us to suggest the following iterative method for
solving the strongly nonlinear nonconvex variational inequality (2.1).
Algorithm 3.1. For a given 2y € H, compute z,11 by the iterative schemes
un, = Pk,

Zntv1 = (I—ap)zn + anf{un — p(Tuy — A(uy))}, n=0,1,2,...,

[e.e]
where 0 < o, <1, for all n > 0 and Zan = 0.
n=0
IT. The nonconvex Wiener-Hopf equations (3.1) may be written as

2= Py, z — pTPy,z 4+ pA(Pr,2) + (1 — p QK. 2
— u— p(Tu— A@w) + (1 = p~)Quc, 2.
Using this fixed point formulation, we suggest the following iterative method.
Algorithm 3.2. For a given 2y € H, compute z,11 by the iterative schemes
un, = Pk, 2p,
Zngpr = (1 — o) zn + anftn — p(Tup — Alun)) + (1 — pHQk, 20}, n=0,1,2,...,

o0
where 0 < o, <1, for all n > 0 and Zan = 0.
n=0
We would like to point out that one can obtain a number of iterative methods
for solving the strongly nonlinear nonconvex variational inequality (2.1) for suitable
and appropriate choices of the operators T, A and the space H. This shows that
iterative methods suggested in this paper are more general and unifying ones.

We now study the convergence analysis of Algorithm 3.1. In a similar way, one
can analyze the convergence analysis of other iterative methods.

Theorem 3.1. Let Pk, be the Lipschitz continuous operator with constant § =

-. Let T be strongly monotone with constant a > 0 and Lipschitz continuous

r—r
with constant B > 0. Let the operator A be Lipschitz continuous with constant v > 0.
If there exists a constant p such that

o do— VO(0a — )2 — (B2 —2?)(82 — 1)
8(8%2—1?) 6(6% —~?) ’
da >y ++/(B2—+2)(61 — 1),

dpy < 1, (3.5)
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and ay, € [0,1], Vn >0; ian = 00, then the approxrimate solution u, obtained

from Algorithm 3.1 convergegzt?) a solution z € H satisfying the nonconvex Wiener-

Hopf equation (3.1).

Proof. Let z € H be a solution of (3.1). Then, using Lemma 3.2, we have
z=1—ap)z+ ap{u—p(Tu — A(u))}, (3.6)

o0
where 0 < o, < 1, and Zan = 0.
n=0

From (3.5) and (3.6), we have
[2n+1 — 2l < (1 = an)llzn — 2]l + anllun —u — p(Tuy, — Tu)|
Fonpl Aum) — A(u)]. (3.7)

Since the operator T is strongly monotone with constant « > 0 and Lipschitz con-
tinuous with constant 8 > 0, it follows that

llun —u— p(Tuy — Tu)H2 < Nlup — uH2 —2p(Tu,, — Tu,uy — u) + pQHTun — TuH2
< (1=2pa+ p*B7)|Ju_ul*. (3.8)

From (3.7), (3.8) and using the Lipschitz continuity of the operator A with constant
v > 0, we have

|zn41 — 2] £ (1 = an)llzn — 2|
+6{vp+ V1 —2ap+ B2p%)}|2n — 2| = Ol|zn — 2|,  (3.9)

where

0 = 0{vp+ /1 —2ap+ 32p2}. (3.10)
Also from (3.2), (3.4) and the Lipschitz continuity of the projection operator
Pk, with constant §, we have

[un — ull = [| Pk, 2n — Pre, 2| < 6l|zn — 2]]. (3.11)
Combining (3.9), (3.10), and (3.11), we have
2n+1 = 2l < (1= an)llzn — 2Il + €nd{py + V1 = 2pa + 52} |20 — 2|

=1 —an)|zn — 2| + anb||zn — 2|

From (3.5), we see that § < 1 and consequently
|znt1 = 2l < (1 = aw)l|2n = 2|| + anb|2n — 2]
=[1= (@1 =0)au]l|zn — 2|

<[ - (= 0)ailllzo — 2.
=0
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Since Z ay, diverges and 1—6 > 0, we have lim H (1—0)a;] = 0. Consequently

n—oo

the sequence {zn} convergences strongly to z in H satlsfymg the nonconvex Wiener-
Hopf equation (3.1). O

Remark 3.1. We would like to point out that the ideas and techniques of this pa-
per can be used to suggest and analyze some iterative methods for solving systems
of (multivalued) general nonconvex variational inequalities involving several differ-
ent operators with appropriate modifications. We hope that the results proved in
this paper may inspire the interested readers to discover the novel applications of
these (multivalued) nonconvex variational inequalities and systems of (multivalued)
nonconvex variational inequalities in different branches of pure and applied sciences.

Acknowledgement. This research is supported by the Visiting Professor
Program of King Saud University, Riyadh, Saudi Arabia and Research Grant No.
KSU.VPP.108. The author would like to express his sincere gratitude to Dr. M.
Junaid Zaidi, Rector, CIIT, for providing excellent research facilities.

REFERENCES

[1] M. Bounkhel, L. Tadj and A. Hamdi: Iterative schemes to solve nonconvez variational problems,
J. Inequal. Pure Appl. Math., 4(2003), 1-14.
[2] F. H. Clarke, Y. S. Ledyaev and P. R. Wolenski: Nonsmooth Analysis and Control Theory,
Springer-Verlag, Berlin, 1998.
[3] D. Kinderlehrer and G. Stampacchia: An Introduction to Variational Inequalities and Their
Applications, STAM, Philadelphia, 2000.
[4] J. L. Lions and G. Stampacchia: Variational inequalities, Comm. Pure Appl. Math., 20(1967),
493-512.
[6] M. Aslam Noor: The Riesz-Frechet Theorem and Monotonicity, MS Thesis, Queen’s University,
Kingston, Ontario, Canada, 1971.
[6] M. Aslam Noor: Bilinear forms and convez set in Hilbert space, Boll. Union Mat. Ital., 5(1972),
241-244.
[7] M. Aslam Noor: Nonlinear variational inequalities, Boll. Union Mat. Ital., 9(1974), 736-741.
[8] M. Aslam Noor: On Variational inequalities, PhD Thesis, Brunel University, London, UK,
1975.
[9] M. Aslam Noor: Variational inequalities and approzimation, Punj. Univ. J. Math., 8(1975),
25-40.
[10] M. Aslam Noor: Strongly nonlinear variational inequalities, C. R. Math. Rep. Acad. Sci.
Canada, 4(1982), 213-218.
[11] M. Aslam Noor: General variational inequalities, Appl. Math. Letters, 1(1988), 119-121.
[12] M. Aslam Noor: Wiener-Hopf equations and variational inequalities, J. Optim. Theory Appl.,
79(1993), 197-206.



Nonconver Wiener-Hopf equations and variational inequalities 81

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

21]

[22]

[23]

[24]

[25]
[26]

[27]

[28]

[29]

[30]

[31]

[32]

M. Aslam Noor: Some recent advances in variational inequalities, Part 11, other concepts, New
Zealand J. Math., 26(1997), 229-255.

M. Aslam Noor: New approximation schemes for general variational inequalities, J. Math.
Anal. Appl., 251(2000), 217-229.

M. Aslam Noor: New extragradient-type methods for general variational inequalities, J. Math.
Anal. Appl., 277(2003), 379-395.

M. Aslam Noor: Some developments in general variational inequalities, Appl. Math. Compu-
tation, 152(2004), 199-277.

M. Aslam Noor: [lterative schemes for nonconvex wvariational inequalities, J. Optim. Theory
Appl., 121(2004), 385-395.

M. Aslam Noor: Differentiable nonconvex functions and general variational inequalities, Appl.
Math. Computation, 199(2008), 623-630.

M. Aslam Noor: On a class of general variational inequalities, J. Adv. Math. Stud., 1(2008),
75-86.

M. Aslam Noor: Extended general variational inequalities, Appl. Math. Letters, 22(2009),
182-186.

M. Aslam Noor: Projection methods for nonconvex variational inequalities, Optim. Letters,
3(2009), 411-418.

M. Aslam Noor: [terative methods for general nonconvex variational inequalities, Albanian J.
Math., 3(2009), 117-127.

M. Aslam Noor: Some classes of general nonconvex variational inequalities, Albanian J. Math.,
3(2009), 175-188.

M. Aslam Noor: Some iterative methods for general nonconvex variational inequalities, Com-
put. Math. Modelling, 21(2010), 87-96.

M. Aslam Noor: Nonconvez quasi variational inequalities, J. Adv. Math. Stud., 3(2010), 59-72.
M. Aslam Noor: Strongly nonlinear nonconvezr variational inequalities, J. Adv. Math. Stud.,
4(2011), 77-84.

M. Aslam Noor: Implicit iterative methods for nonconvex variational inequalities, J. Optim.
Theory Appl., 143(2009), 619-624.

M. Aslam Noor: An extragradient algorithm for solving general nonconvex variational inequal-
ities, Appl. Math. Letters, 23(2010), 917-921.

M. Aslam Noor: On an implicit method for nonconver variational inequalities, J. Optim.
Theory Appl., 147(2010).

M. Aslam Noor, K. Inayat Noor and Th. M. Rassias: Some aspects of variational inequalities,
J. Comput. Appl. Math., 47(1993), 285-312.

L. P. Pang, J. Shen and H. S. Song: A modified predictor-corrector algorithm for solving
nonconvex generalized variational inequalities, Computers Math. Appl., 54(2007), 319-325.

R. A. Poliquin, R. T. Rockafellar and L. Thibault: Local differentiability of distance functions,
Trans. Amer. Math. Soc., 352(2000), 5231-5249.



82 Muhammad Aslam Noor

[33] S. Shi: Equivalence of variational inequalities with Wiener-Hopf equations, Proc. Amer. Math.
Soc., 111(1991), 439-446.

[34] G. Stampacchia: Formes bilineaires coercitives sur les ensembles convezes, C. R. Acad. Sci.,
Paris, 258(1964), 4413-4416.

Mathematics Department,

COMSATS Institute of Information Technology,
Islamabad, Pakistan

Mathematics Department,

College of Science, King Saud University,
Riyadh, Saudi Arabia

FE-mail address: noormaslam@hotmail.com





